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Abstract
A holomorphic pre-foliation F = � � F of co-degree 1 and degree d on P2

C
is the data of a

line � of P2
C
and a holomorphic foliationF on P2

C
of degree d −1. We study pre-foliations of

co-degree 1 on P2
C
with a flat Legendre transform (dual web). After having established some

general results on the flatness of the dual d-web of a homogeneous pre-foliation of co-degree
1 and degree d , we describe some explicit examples and we show that up to automorphism of
P
2
C
there are two families and six examples of homogeneous pre-foliations of co-degree 1 and

degree 3 on P2
C
with a flat dual web. This allows us to prove an analogue for pre-foliations of

co-degree 1 and degree 3 of a result, obtained in collaboration with D. Marín, on foliations
of degree 3 with non-degenerate singularities and a flat Legendre transform. We also show
that the dual web of a reduced convex pre-foliation of co-degree 1 on P

2
C
is flat. This is an

analogue of a result on foliations of P2
C
due to D. Marín and J. V. Pereira.

Keywords Pre-foliation · Homogeneous pre-foliation · Web · Flatness · Legendre
transformation
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Abbreviations

LegF Legendre transform of the pre-foliation F
�(W) Discriminant of the web W
TH Type of the homogeneous foliation H
η(W) Fundamental form of the web W
K (W) Curvature of the web W
GF Gauss map associated to the foliation F
SingF Singular locus of the foliation F
ItrF Transverse part of the inflection divisor IF
rk(W) Rank of the web W
SW Characteristic surface of the web W
CH Tangent cone at the origin of the homogeneous foliation H
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IF Inflection divisor of the foliation F
IinvF Invariant part of the inflection divisor IF
ωd−1

0 (d − 2)yd−1dx + x
(
xd−2 − (d − 1)yd−2

)
dy

ωd−1
4 y(σd xd−2 − yd−2)dx + x(σd yd−2 − xd−2)dy

ωd−1
1 yd−1dx − xd−1dy

ωd−1
2 (λ, μ) (xd−1 + λ yd−1)dx + (μ xd−1 − yd−1)dy

ωd−1
3 (λ) (xd−1 + λyd−1)dx + xd−1dy

CS(F, C, s) Camacho- Sad index of the foliation F at the point s along the curve C
τ(F, s) Tangency order of the foliation F with a generic line passing through the point

s
O(F ) Orbit of the pre-foliation F under the action of Aut(P2

C
)

μ(F, s) Milnor number of the foliation F at the singular point s
BB(F, s) Baum-Bott invariant of the foliation F at the singular point s

Introduction

This article is a continuation of a series of joint works with D.Marín [4–7] on holomorphic
foliations on the complex projective plane. For the definitions and notations used (web,
discriminant�(W), homogeneous foliation, inflection divisor IF , radial singularity, etc.) we
refer to [4, Sections 1 and 2].

We begin by introducing the following definition, where the terminology «pre-foliation »
is taken from [9].

Definition A Let 0 ≤ k ≤ d be integers. A holomorphic pre-foliationF on P2
C
of co-degree

k and degree d , or simply of type (k, d), is the data of a reduced complex projective curve
C ⊂ P

2
C
of degree k and a holomorphic foliationF onP2

C
of degree d−k.WewriteF = C�F

and call C (resp. F) the associated curve (resp. the associated foliation) to F .

Such a pre-foliation is given in homogeneous coordinates [x : y : z] ∈ P
2
C
by a 1-form of

type � = F(x, y, z)�0, where C[x, y, z]k � F(x, y, z) = 0 is a homogeneous equation of
the curve C and �0 is a homogeneous 1-form of degree d − k + 1 defining the foliation F,

i.e.

�0 = a(x, y, z)dx + b(x, y, z)dy + c(x, y, z)dz,

where a, b and c are homogeneous polynomials of degree d − k + 1 without common factor
and satisfying the Euler condition iRω = 0, where R = x ∂

∂x + y ∂
∂ y + z ∂

∂z denotes the radial
vector field and iR is the interior product by R.

Wewill denote the set of pre-foliations of type (k, d) on P2
C
by F(k, d). It can be naturally

identified with a Zariski open subset of the space P
N1
C

× P
N2
C

, where N1 = k(k+3)
2 and

N2 = (d − k + 2)2 − 2. The set F(0, d) describes precisely the set of foliations of degree d
on P

2
C
.

By [13], to every pre-foliation F = C � F of degree d ≥ 1 and co-degree k < d on
P
2
C
we can associate a d-web of degree 1 on the dual projective plane P̌2

C
, called Legendre

transform (or dual web) of F and denoted by LegF ; if F is given in an affine chart (x, y)
of P2

C
by a 1-form ω = f (x, y) (A(x, y)dx + B(x, y)dy) then, in the affine chart (p, q) of

P̌
2
C
associated to the line {y = px −q} ⊂ P

2
C
, LegF is described by the implicit differential
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equation

F(p, q, x) := f (x, px − q) (A(x, px − q) + pB(x, px − q)) = 0, with x = dq

dp
.

When k ≥ 1, LegF decomposes as LegF = LegC � LegF, where LegC is the algebraic k-
web on P̌2

C
defined by the equation f (x, px−q) = 0 and LegF is the irreducible (d−k)-web

of degree 1 on P̌
2
C
given by A(x, px − q) + pB(x, px − q) = 0.

Conversely, every decomposable d-web of degree 1 on P̌
2
C
is necessarily the Legendre

transform of a certain pre-foliation on P2
C
of type (k, d), with 1 ≤ k < d.

The curvature of a webW on P2
C
is a meromorphic 2-form with poles along the discrim-

inant �(W). A web with zero curvature is called flat. The flatness of a web W on P
2
C
is

characterized by the holomorphy of its curvature K (W) along the generic points of �(W),
see §1.

The subsetFP(k, d) ofF(k, d) consisting ofF ∈ F(k, d) such that LegF is flat isZariski
closed in F(k, d).

Problem 1 Let d and k be integers such that d ≥ 3 and 0 ≤ k < d. Describe certain
irreducible components of FP(k, d).

This problem is inspired by a part of Problem 9.3 of [13] which consists in the description
of certain irreducible components of the space of flat d-webs of degree 1 on P̌2

C
. The first case

(k, d) = (0, 3) has been completely treated in [6]. In fact, the author andMarín (see [4, Sec-
tions 3–6]) first studied the flatness of dual webs of homogeneous foliations of P2

C
, and they

showed that it is possible to reduce the study of the flatness of dual webs of certain inhomoge-
neous foliations to the homogeneous framework. This work ( [4, Theorems 5.1 and 6.1]) then
allowed to show that FP(0, 3) has exactly 12 irreducible components, see [6, Theorem D]. In
what follows we are interested in pre-foliations of co-degree 1, i.e.whose associated curve is
a line. We will not look for irreducible components of FP(1, d), but will adapt the approach
of [4] to co-degree one pre-foliations.

Definition B A pre-foliation on P
2
C
is said to be homogeneous if there is an affine chart

(x, y) of P2
C
in which it is invariant under the action of the group of homotheties (x, y) �−→

λ(x, y), λ ∈ C
∗.

A homogeneous pre-foliation H of type (1, d) on P
2
C
is then of the form H = � � H,

where H is a homogeneous foliation of degree d − 1 on P
2
C
and where � is a line passing

through the origin O or � = L∞.

Theorem3.1 of [4] states that thewebLegH is flat if and only if its curvature is holomorphic
on the transverse part of its discriminant �(LegH). We prove in Section §3 a similar result
(Theorem 3.7) for the web LegH .

When � passes through the origin, we establish effective criteria for the holomorphy of the
curvature of LegH on certain irreducible components of the discriminant�(LegH ) (Theo-
rems 3.13 and 3.18). In fact, Theorems 3.7, 3.13 and 3.18 provide a complete characterization
of the flatness of LegH .

When � = L∞ we show (Theorem 3.1) that the webs LegH and LegH have the same
curvature; in particular the flatness of LegH is equivalent to that of LegH.More particularly,
in degree d = 3 the web LegH is flat (Corollary 3.2).

Recall (see [13]) that a holomorphic foliation on P
2
C
is said to be convex if its leaves

other than straight lines have no inflection points. Note (see [14]) that if F is a foliation of
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degree d ≥ 1 on P
2
C
, then F cannot have more than 3d (distinct) invariant lines. Moreover,

if this bound is reached, then F is necessarily convex; in this case F is said to be reduced
convex. We naturally extend the notions of convexity and reduced convexity of foliations to
pre-foliations by putting:

Definition C LetF = C�F be a pre-foliation onP2
C
.We say thatF is convex (resp. reduced

convex) if the foliation F is convex (resp. reduced convex) and if moreover the curve C is
invariant by F .

From this definition and Theorem 3.7 we will deduce the following corollary, which is an
analogue of Corollary 3.4 of [4].

Corollary D (Corollary 3.11) The dual web of a homogeneous convex pre-foliation of co-
degree 1 on P

2
C
is flat.

In §4 we give an application of the results of §3 to homogeneous pre-foliations H =
� � H of co-degree 1 such that the degree of type of H is equal to 2, i.e. deg TH = 2
(see [4, Definition 2.3] for the definitions of the type TH and the degree of type deg TH).
More precisely, we describe, up to automorphism of P2

C
, all homogeneous pre-foliations

H = ��H of co-degree 1 anddegreed ≥ 3 such that deg TH = 2 and thed-webLegH is flat
(Proposition 4.4). We obtain in particular, for d = 3, the classification up to automorphism of
homogeneous pre-foliations of type (1, 3)onP2

C
whose dual 3-web is flat: up to automorphism

of P2
C
, there are two families and six examples of homogeneous pre-foliations of co-degree

1 and degree 3 on P2
C
with a flat Legendre transform, see Corollary 4.5.

In 2013 Marín and Pereira [13, Theorem 4.2] proved that the dual web of a reduced
convex foliation on P

2
C
is flat. We show in §5 the following analogous result for co-degree

one pre-foliations.

Theorem E Let F = � � F be a reduced convex pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
. Then the d-web LegF is flat.

The following problem then arises.

Problem 2 Let F be a reduced convex foliation of degree greater than or equal to 2 on P
2
C

and let � be a line of P2
C
which is not invariant by F . Determine the relative position of the

line �with respect to the invariant lines ofF such that the dual web of the pre-foliation ��F
is flat.

To our knowledge the only reduced convex foliations known in the literature are those
presented in [13, Table 1.1]: the Fermat foliation Fd−1

0 of degree d −1, the Hesse foliation
F4
H of degree 4, the Hilbert modular foliation F5

H of degree 5 and the Hesse foliation F7
H

of degree 7 defined in affine chart respectively by the 1-forms

ωd−1
0 = xdy − ydx + yd−1dx − xd−1dy,

ω4
H = y(2x3 − y3 − 1)dx + x(2y3 − x3 − 1)dy,

ω5
H = (y2 − 1)(y2 − (

√
5 − 2)2)(y + √

5x)dx − (x2 − 1)(x2 − (
√
5 − 2)2)(x + √

5y)dy,

ω7
H = (y3 − 1)(y3 + 7x3 + 1)ydx − (x3 − 1)(x3 + 7y3 + 1)xdy.

The following two propositions, which will be proved in §5, give an answer to Problem 2
in the case of the Fermat foliation Fd−1

0 and the Hesse foliation F4
H .
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Proposition F Let d ≥ 3 be an integer and let � be a line of P2
C
.Assume that � is not invariant

by the Fermat foliation Fd−1
0 and that the d-web Leg(� � Fd−1

0 ) is flat. Then d ∈ {3, 4}
and the line � joins two (resp. three) singularities (necessarily non-radial) of Fd−1

0 if d = 3
(resp. if d = 4).

d = 3 d = 4

Relative positions of the line � (in blue) with respect to the invariant lines (in red) of the Fermat foliations

F2
0 and F3

0 . The foliation F2
0 (d = 3) has 4 radial singularities (red points) and 3 non-radial singularities

(blue points) with Baum-Bott invariant 0. The foliation F3
0 (d = 4) admits 7 radial singularities, 4 of

order one (orange points) and 3 of order two (red points), and 6 non-radial singularities with Baum-Bott

invariant − 1
2 .

Proposition G Let � be a line of P2
C
which is not invariant by the Hesse foliationF4

H . Assume
that the 5-web Leg(��F4

H ) is flat. Then the line � passes through four (necessarily non-radial)
singularities of F4

H .

The idea of the proofs of Propositions F and G will be to reduce to the homogeneous case,
by showing that the closures of the Aut(P2

C
)-orbits of the pre-foliations ��Fd−1

0 and ��F4
H

contain homogeneous pre-foliations.
Theorem 6.1 of [4] says that every foliation of degree 3 on P

2
C
with non-degenerate

singularities and a flat Legendre transform is linearly conjugate to the Fermat foliation
F3
0 . We prove in §6 the following similar result for pre-foliations of co-degree 1 and degree

3.

Theorem H Let F = � � F be a pre-foliation of co-degree 1 and degree 3 on P
2
C
. Assume

that the foliation F has only non-degenerate singularities and that the 3-web LegF is flat.
Then F is linearly conjugate to the Fermat foliation F2

0 , and the line � is either invariant
by F or it joins two non-radial singularities of F .

The proof of this theorem will essentially use the classification of homogeneous pre-
foliations of type (1, 3) on P

2
C
whose dual web is flat (Corollary 4.5).

1 Reminders on the fundamental form and curvature of a web

In this section, we briefly recall the definitions of the fundamental form and the curvature of a
d-webW.Let us first assume thatW is a germof completely decomposable d-web on (C2, 0),
W = F1 � · · · � Fd . For i = 1, . . . , d, let ωi be a 1-form with an isolated singularity at 0
defining the foliationFi . Following [15], for each triple (r , s, t)with 1 ≤ r < s < t ≤ d, one
defines ηrst = η(Fr �Fs �Ft ) as the unique meromorphic 1-form satisfying the following
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equalities:
⎧
⎨

⎩

d(δst ωr ) = ηrst ∧ δst ωr

d(δtr ωs) = ηrst ∧ δtr ωs

d(δrs ωt ) = ηrst ∧ δrs ωt

(1.1)

where δi j denotes the function defined by ωi ∧ ω j = δi j dx ∧ dy. One calls fundamental
form of the web W = F1 � · · · � Fd the 1-form

η(W) = η(F1 � · · · � Fd) =
∑

1≤r<s<t≤d

ηrst . (1.2)

One can easily check that η(W) is a meromorphic 1-form with poles along the discriminant

�(W) of W, and that it is well-defined up to addition of a closed logarithmic 1-form
d f

f
with f ∈ O∗(C2, 0) (cf. [4, 17]).

Now, if W is a (not necessarily completely decomposable) d-web on a complex surface
M then its pull-back by a suitable ramified Galois covering is completely decomposable.
The invariance of the fundamental form of this new web by the action of the Galois group
allows us to descend it to a global meromorphic 1-form η(W) on M , with poles along the
discriminant of W (see [13]).

The curvature of the web W is by definition the 2-form

K (W) = d η(W).

It is a meromorphic 2-form with poles along the discriminant �(W) of W, canonically
associated toW . More precisely, for any dominant holomorphic map ϕ, one has K (ϕ∗W) =
ϕ∗K (W).

A d-web W is said to be flat if its curvature K (W) vanishes identically.
Let us finally note that a d-webW on P2

C
is flat if and only if its curvature is holomorphic

over the generic points of the irreducible components of �(W). This follows from the holo-
morphy of K (W) on P

2
C

\ �(W) and from the fact that there are no holomorphic 2-forms
on P

2
C
other than the zero 2-form.

2 Discriminant of the dual web of a co-degree one pre-foliation

Recall that ifF is a foliation onP2
C
, theGaussmap ofF is the rational map GF : P2

C
��� P̌

2
C

defined at every regular point m of F by GF (m) = TP
mF, where TP

mF denotes the tangent
line to the leaf of F passing through m. If C is a curve on P2

C
passing through some singular

points of F , one defines GF (C) as the closure of GF (C \ SingF).

Lemma 2.1 Let F = � � F be a pre-foliation of co-degree 1 on P2
C
.

1. If the line � is invariant by F , then

�(LegF ) = �(LegF) ∪ �̌�
F ,

where �̌�
F denotes the set of lines dual to the points of ��

F := SingF ∩ �.

2. If the line � is not invariant by F , then

�(LegF ) = �(LegF) ∪ GF (�) ∪ �̌�
F .
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Proof We have

�(LegF ) = �(LegF) ∪ Tang(Leg�,LegF).

When � is not invariant by F, we obtain by an argument of [1, page 33] that

Tang(Leg�,LegF) = GF (�) ∪ �̌�
F .

Let us assume that � is invariant by F and show that Tang(Leg�,LegF) = �̌�
F . Let

s ∈ ��
F . The fact that s ∈ � (resp. s ∈ SingF) implies that the line š dual to s is invariant

by Leg� (resp. by LegF). Thus š ⊂ Tang(Leg�,LegF), hence �̌�
F ⊂ Tang(Leg�,LegF).

Conversely, let C be an irreducible component of Tang(Leg�,LegF). Let us show that C is
invariant by LegF . Assume by contradiction that C is transverse to LegF . Letm be a generic
point of C. Denote by �̌ ∈ P̌

2
C
the dual point of �; then the line (�̌m) is not invariant by

LegF and is tangent to LegF at m. Since � is F-invariant, the point �̌ is singular for LegF ;
it is therefore also a tangency point between LegF and (�̌m). The number of tangency points
between LegF and (�̌m) is then ≥ 2, which contradicts the equality deg(LegF) = 1. Hence
the invariance of C by LegF is proved. Then C is also invariant by Leg� and is therefore a
line passing through �̌. There therefore exists s ∈ SingF such that C = š; since �̌ ∈ C, we
have s ∈ � and therefore s ∈ ��

F . Consequently, C ⊂ �̌�
F . ��

Wewill nowapply the above lemma to the case of a homogeneous pre-foliationH = ��H
of co-degree 1 on P

2
C
. If degH = d , the homogeneous foliation H is given, for a suitable

choice of affine coordinates (x, y), by a homogeneous 1-form

ω = A(x, y)dx + B(x, y)dy, where A, B ∈ C[x, y]d−1 with gcd(A, B) = 1.

If � = L∞ then � is invariant by H and Lemma 2.1 ensures that

�(LegH ) = �(LegH) ∪ �̌∞
H ,

where �̌∞
H denotes the set of lines dual to the points of �∞

H := SingH ∩ L∞.

Assume that � passes through the origin. If � is not invariant by H, then, according to [4,
Proposition 2.2], we have ��

H = {O}. Since the line Ǒ dual to O is contained in �(LegH)

by [4, Lemma 3.2], it follows from Lemma 2.1 that

�(LegH ) = �(LegH) ∪ GH(�).

If � is invariant by H, then the point s := L∞ ∩ � is singular for H and, by [4, Propo-
sition 2.2], we have ��

H = {O, s}. Denoting by š the dual line of the point s, the inclusion
Ǒ ⊂ �(LegH) and Lemma 2.1 imply that

�(LegH ) = �(LegH) ∪ š.

According to [4, Lemma 3.2], the discriminant of LegH decomposes as

�(LegH) = GH(ItrH) ∪ �̌rad
H ∪ Ǒ,

where ItrH denotes the transverse inflection divisor ofH and �̌rad
H is the set of lines dual to the

radial singularities ofH (see [4, §1.3] for precise definitions of these notions). Recall however
that to the homogeneous foliationH one can also associate the rational map GH : P1

C
→ P

1
C

defined by

GH([y : x]) = [−A(x, y) : B(x, y)],
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and that this map allows us to completely determine the divisor ItrH and the set �rad
H (see [4,

Section 2]):

• �rad
H consists of [b : a : 0] ∈ L∞ such that [a : b] ∈ P

1
C
is a fixed critical point of GH;

• ItrH = ∏

i
T ni
i , where Ti = (bi y − ai x = 0) and [ai : bi ] ∈ P

1
C
is a non-fixed critical

point of GH of multiplicity ni .

From the above considerations, we deduce the following lemma.

Lemma 2.2 Let H = � � H be a homogeneous pre-foliation of co-degree 1 on P2
C
.

1. If � = L∞ then

�(LegH ) = �(LegH) ∪ �̌∞
H = GH(ItrH) ∪ �̌∞

H ∪ Ǒ.

2. If the line � passes through the origin, then

�(LegH ) = �(LegH) ∪ D� = GH(ItrH) ∪ �̌rad
H ∪ Ǒ ∪ D�,

where the component D� is defined as follows. If � is invariant by H, then D� := š is the
dual line of the point s = L∞ ∩ � ∈ SingH. If � is not invariant by H, then D� := GH(�).

3 Flatness of the dual web of a co-degree one homogeneous
pre-foliation

Our first result shows that, for a homogeneous foliation H on P
2
C
, the webs LegH and

Leg(L∞ �H) have the same curvature, so that we have equivalence between the flatness of
LegH and that of Leg(L∞ � H).

Theorem 3.1 Let d ≥ 3 be an integer and letH be a homogeneous foliation of degree d − 1
on P

2
C
. Then

K (Leg(L∞ � H)) = K (LegH).

In particular, the d-web Leg(L∞ � H) is flat if and only if the (d − 1)-web LegH is flat.

Corollary 3.2 LetHbe ahomogeneous foliationof degree 2 onP2
C
.Then the 3-webLeg(L∞�

H) is flat.

To establish Theorem 3.1, we will need the following definition and theorem.

Definition 3.3 ( [12]) Let W = F1 � · · · � Fd be a regular d-web on (C2, 0). A transverse
symmetry of W is a germ of vector field X which is transverse to the foliations Fi (i =
1, . . . , d) and whose local flow exp(tX) preserves the Fi ’s.

Theorem 3.4 Let d ≥ 3 be an integer and let Wd−1 be a regular (d − 1)-web on (C2, 0)
which admits a transverse symmetry X. Denote by FX the foliation defined by X. Then

K (FX � Wd−1) = K (Wd−1).

In particular, the d-web FX � Wd−1 is flat if and only if the (d − 1)-web Wd−1 is flat.
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Before proving this theorem, let us briefly recall the definition of the rank rk(W) of a
regular d-web W = F1 � · · · � Fd on (C2, 0). For 1 ≤ i ≤ d, let ωi be a 1-form defining
the foliation Fi . One defines the C-vector space A(W) of abelian relations of W by

A(W) :=
{
(η1, . . . ,ηd) ∈ (�1(C2, 0))d

∣
∣
∣ ∀i = 1, . . . , d, dηi = 0, ηi ∧ ωi = 0 and

d∑

i=1

ηi = 0
}
.

Then rk(W) := dimC A(W). One has the following optimal bound (cf. [16, Chapter 2]):

rk(W) ≤ πd := (d − 1)(d − 2)

2
.

Recall also that every d-web of maximal rank (i.e. of rank πd ) is necessarily flat by
Mihaileanu’s criterion (cf. [16, Theorem 6.3.4]).

In fact, Theorem 3.4 is an analogue for flat webs of a result on webs of maximal rank, due
to Marín-Pereira-Pirio, namely:

Theorem 3.5 ( [12], Theorem 1) With the notations of Theorem 3.4, one has

rk(FX � Wd−1) = rk(Wd−1) + (d − 2).

In particular, FX � Wd−1 is of maximal rank if and only if Wd−1 is of maximal rank.

The proof of Theorem 3.4 consists essentially in applying this result for d = 3.

Proof of Theorem 3.4 Writing Wd−1 = F1 � · · · � Fd−1, we have

K (FX � Wd−1) = K (Wd−1) +
∑

1≤i< j≤d−1

K (W i, j
3 ),

where W i, j
3 := FX � Fi � F j . Moreover, since X is a transverse symmetry of the 2-

web Fi � F j and since every 2-web is of maximal rank, equal to 0, Theorem 1 of [12]

(cf. Theorem 3.5 above) implies that the 3-web W i, j
3 is of maximal rank, equal to 1, so that

K (W i, j
3 ) ≡ 0, hence the announced equality holds. ��

Proof of Theorem 3.1 By [4, Section 2], we can locally decompose the d-web Leg(L∞ �H)

as

Leg(L∞ � H) = Leg(L∞) � Wd−1,

where Wd−1 = F1 � · · · � Fd−1 and, for any i ∈ {1, . . . , d − 1}, Fi is given by ω̌i :=
λi (p)dq − qdp, with λi (p) = p − pi (p) and {pi (p)} = G−1

H (p). Now, the vector field
X := q ∂

∂q defines the radial foliation Leg(L∞) and is a transverse symmetry of the web
Wd−1. Therefore, K (Leg(L∞ � H)) = K (LegH) by Theorem 3.4. ��
Remark 3.6 We can also prove Theorem 3.1 directly, without using results on webs of max-
imal rank. Indeed, putting W i, j

3 := Leg(L∞) � Fi � F j , for all i, j ∈ {1, . . . , d − 1} with
i �= j, we have

K (Leg(L∞ � H)) = K (LegH) +
∑

1≤i< j≤d−1

K (W i, j
3 ).

The foliation Leg(L∞) being defined by ω̌0 := dp, a direct computation using formula (1.1)
shows that
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η(W i, j
3 ) =

d
(
(λiλ j )(p)

)

(λiλ j )(p)
+ dq

q
,

so that K (W i, j
3 ) = dη(W i, j

3 ) ≡ 0, hence K (Leg(L∞ � H)) = K (LegH).

The following theorem gives an important characterization of the flatness of the dual web
of a co-degree one homogeneous pre-foliation.

Theorem 3.7 Let H = � � H be a homogeneous pre-foliation of type (1, d) on P
2
C
with

d ≥ 3. If the line � is invariant (resp. not invariant) by H, then the d-web LegH is flat if
and only if its curvature K (LegH ) is holomorphic on GH(ItrH) (resp. on GH(ItrH) ∪ D� =
GH(ItrH ∪ �)).

To prove this theorem,wewill need the following lemma,which is a reformulation in terms
of homogeneous pre-foliations of Lemma 3.1 of [2] formulated in terms of homogeneous
foliations not necessarily saturated.

Lemma 3.8 ( [2], Lemma 3.1) LetH be a homogeneous pre-foliation on P2
C
. If the curvature

of LegH is holomorphic on P̌2
C

\ Ǒ, then LegH is flat.

We will also need the following proposition, which has its own interest.

Proposition 3.9 Let Wν be a germ of ν-web on (C2, 0) with ν ≥ 2. Assume that �(Wν)

has an irreducible component C totally invariant by Wν and of minimal multiplicity ν − 1.
Let F be a germ of foliation on (C2, 0) leaving C invariant and let Wd−ν−1 be a germ
of regular (d − ν − 1)-web on (C2, 0) transverse to C . Then the curvature of the d-web
W = F � Wν � Wd−ν−1 is holomorphic along C .

Proof As in the beginning of the proof of [13, Proposition 2.6], we choose a local coordinate
system (U , (x, y)) such that C ∩U = {y = 0}, TF |U = {dy + yh(x, y)dx = 0},

TWν |U =
{
dyν + y

(
aν−1(x, y)dy

ν−1dx + · · · + a0(x, y)dx
ν
)

= 0
}

and

TWd−ν−1|U =
⎧
⎨

⎩

d−ν−1∏

l=1

(dx + gl (x, y)dy) = 0

⎫
⎬

⎭
.

Then, by passing to the ramified covering π : (x, y) �→ (x, yν), we obtain that π∗F = F0,

π∗Wν = �ν
k=1Fk and π∗Wd−ν−1 = �d−ν−1

l=1 Fν+l , where

F0 : dy + 1
ν
yh(x, yν)dx = 0,

Fk : dx + yν−2 f (x, ζk y)ζ−kdy = 0,

Fν+l : dx + νyν−1gl(x, y
ν)dy = 0,

with ζ = exp( 2iπ
ν

). Therefore we have

K (π∗W) = K
(
π∗(Wν � Wd−ν−1)

)+
∑

1≤i< j≤d−1

K (F0 � Fi � F j ).

Now, on the one hand, [13, Proposition 2.6] ensures that K (Wν �Wd−ν−1) is holomorphic
along {y = 0}; therefore so is K

(
π∗(Wν � Wd−ν−1)

) = π∗(K (Wν � Wd−ν−1)
)
. On the

other hand, since {y = 0} is invariant by F0 and {y = 0} �⊂ Tang(F0,Fi � F j ), then
K (F0 � Fi � F j ) is holomorphic on {y = 0} by applying [13, Theorem 1], see also [2,
Theorem 1.1] or [3, Corollary 1.30]. It follows that π∗K (W) = K (π∗W) is holomorphic
on {y = 0}. As a consequence K (W) is holomorphic along C . ��
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Remark 3.10 Similarly, we obtain an analogue of Proposition 3.9 by replacing the foliation
F by a 2-web W2 = F1 � F2 leaving the component C ⊂ �(Wν) totally invariant.

Proof of Theorem 3.7 i. First assume that � = L∞. Then Theorem 3.1 ensures that
K (LegH ) = K (LegH). Now, we know from [4, Theorem 3.1] that the flatness of the web
LegH is characterized by the holomorphy of its curvature K (LegH) on GH(ItrH). Therefore
the same is true for the web LegH , i.e. LegH is flat if and only if K (LegH ) is holomorphic
along GH(ItrH).

ii.Now assume that � passes through the origin. Let us fix s ∈ �∞
H and describe the d-web

LegH in a neighborhood of a generic point m of the line š dual to s. Denote by ν − 1 ≥ 0
the radiality order of s; by [13, Proposition 3.3], in a neighborhood of m, we can decompose
LegH as

LegH = Leg� � Wν � Wd−ν−1, (3.1)

where Wν is an irreducible ν-web leaving š invariant and whose discriminant �(Wν) has
minimal multiplicity ν − 1 along š, and where Wd−ν−1 is a (d − ν − 1)-web transverse to
š. More explicitly, up to linear conjugation, we can write � = (y = α x), s = [1 : ρ : 0],
š = {p = ρ}, m = (ρ, q) and G−1

H (ρ) = {ρ, r1, . . . , rd−ν−1}, so that (see [4, Section 2])

Leg� : (p − α)dq − qdp = 0, Wν

∣
∣∣
š

: dp = 0, Wd−ν−1

∣
∣∣
š

:
d−ν−1∏

i=1

(
(ρ − ri )dq − qdp

)
= 0.

We deduce, in particular, the two following properties:

(a) if š �⊂ GH(ItrH), the web Wd−ν−1 is regular in a neighborhood of m, because we then
have ri �= r j if i �= j ;

(b) if š �= D� = {p = GH(α)}, then Leg� is transverse to š and š �⊂ Tang(Leg�,Wd−ν−1).

If s ∈ �rad
H is such that š �⊂ GH(ItrH) ∪ D�, then properties (a) and (b) ensure that the

(d − ν)-web Wd−ν := Leg� � Wd−ν−1 is transverse to š and is regular in a neighborhood
of m. Therefore the curvature of LegH = Wν � Wd−ν is holomorphic in a neighborhood
of m by applying [13, Proposition 2.6]. It follows that K (LegH ) is holomorphic on �̌rad

H \
(GH(ItrH) ∪ D�). Thus, according to the second assertion of Lemma 2.2 and Lemma 3.8,
LegH is flat if and only if K (LegH ) is holomorphic along GH(ItrH) ∪ D�.

Let us show that in the particular case where � is invariant byH, the flatness of LegH is
equivalent to the holomorphy of K (LegH ) onGH(ItrH).From the above discussion, it suffices
to prove that if D� is not contained in GH(ItrH), then K (LegH ) is holomorphic on D�. The
invariance of � by H implies the existence of s ∈ �∞

H such that � = (Os); then D� = š is
invariant by the radial foliation Leg�. Moreover, the condition D� �⊂ GH(ItrH) implies that
Wd−ν−1 is regular in a neighborhood of every generic point m of D� (property (a)). By
applying Theorem 1 of [13] if ν = 1 and Proposition 3.9 if ν ≥ 2,we deduce that K (LegH )

is holomorphic along D�. ��
From Theorem 3.7 we deduce the two following corollaries.

Corollary 3.11 Let H be a homogeneous convex pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
. Then the d-web LegH is flat.

Corollary 3.12 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P

2
C
. Assume that the homogeneous foliation H is convex and that the line � is

not invariant by H. Then the d-web LegH is flat if and only if its curvature K (LegH ) is
holomorphic on D� = GH(�).
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The following theorem is an effective criterion for the holomorphy of the curvature of the
web dual to a homogeneous pre-foliation H = � � H (with O ∈ �) along an irreducible
component of �(LegH) \ (D� ∪ Ǒ).

Theorem 3.13 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
, defined by the 1-form

ω = (α x + β y) (A(x, y)dx + B(x, y)dy) , A, B ∈ C[x, y]d−1, gcd(A, B) = 1.

Let (p, q) be the affine chart of P̌2
C
associated to the line {y = px − q} ⊂ P

2
C
and let

D = {p = p0} be an irreducible component of �(LegH) \ (D� ∪ Ǒ). Write G−1
H ([p0 :

1]) = {[a1 : b1], . . . , [an : bn]} and denote by νi the ramification index of GH at the
point [ai : bi ] ∈ P

1
C
. For i ∈ {1, . . . , n}, define the polynomials Pi ∈ C[x, y]d−νi−1

and Qi ∈ C[x, y]2d−νi−3 by

Pi (x, y; ai , bi ) :=

∣∣
∣∣
A(x, y) A(bi , ai )
B(x, y) B(bi , ai )

∣∣
∣∣

(bi y − ai x)νi
and

Qi (x, y; ai , bi ) := (νi − 2)

(
∂B

∂x
− ∂A

∂ y

)
Pi (x, y; ai , bi ) + 2(νi + 1)

∣∣
∣∣∣
∣∣

∂Pi
∂x

A(x, y)

∂Pi
∂ y

B(x, y)

∣∣
∣∣∣
∣∣
. (3.2)

Then the curvature of LegH is holomorphic on D if and only if

n∑

i=1

(
1 − 1

νi

)(
p0bi − ai

)( Qi (bi , ai ; ai , bi )
B(bi , ai )Pi (bi , ai ; ai , bi ) + 3νi (α + p0 β)

α bi + β ai

)
= 0.

The proof of this theorem is based on the criterion of [7, Theorem 2.1] for the holomorphy
of the curvature of smoothwebs. To do this, let us first recall the definition of the characteristic
surface of a web and the definition of smooth web along an irreducible component of its
discriminant. LetW be a holomorphic web on a complex surface M . Let M̃ = PT∗M be the
projectivization of the cotangent bundle of M ; the characteristic surface of W is the surface
SW ⊂ M̃ defined by

SW :=
{
(m, [η]) ∈ M̃

∣∣ m ∈ M \ �(W), ker η ⊂ TmW
}

(see [7, §1.2] for a local expression of this surface). Denote by π : M̃ → M the natural
projection and by πW : SW → M the restriction of π to SW . Let D be an irreducible
component of the discriminant �(W). Following [7, Definition 1.1], the web W is said to
be smooth along D if for every generic point m of D, the characteristic surface SW ofW is
smooth at every point of the fiber π−1

W (m).

Proof Let δ ∈ C be such that β + αδ �= 0 and bi − aiδ �= 0 for all i = 1, . . . , n. Up to
conjugating ω by the linear transformation (x + δ y, y), we can assume that none of the lines
� = (αx + βy = 0) and Li = (bi y − ai x = 0) is vertical, i.e. that β �= 0 and bi �= 0 for all
i = 1, . . . , n. Let us then put ρ := − α

β
and ri := ai

bi
; we have G−1

H (p0) = {r1, . . . , rn} with
GH(z) = − A(1, z)

B(1, z)
. According to [7, Lemma 3.5], there therefore exists a constant c ∈ C

∗

such that

−A(1, z) = p0B(1, z) − c
n∏

i=1

(z − ri )
νi .
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Moreover, the d-web LegH is given in the affine chart (p, q) by the differential equation

(
(p − ρ)x − q

)(
A(x, px − q) + pB(x, px − q)

)
= 0, with x = dq

dp
; (3.3)

since A, B ∈ C[x, y]d−1, this equation can then be rewritten as

0 = xd−1
(
(p − ρ)x − q

)(
A(1, p − q

x ) + pB(1, p − q
x )
)

= xd
(
p − q

x
− ρ

)(
(p − p0)B(1, p − q

x ) + c
n∏

i=1

(p − q
x − ri )

νi
)
, with x = dq

dp
.

Put x̌ := q , y̌ := p − p0 and p̌ := d y̌

dx̌
= 1

x
; in these new coordinates D = {y̌ = 0} and

LegH is described by the differential equation

F(x̌, y̌, p̌):=
(
y̌+p0 − p̌x̌ − ρ

)(
y̌ B(1, y̌ + p0 − p̌x̌)+c

n∏

i=1

(y̌ + p0 − p̌x̌ − ri )
νi
)
=0.

We have F(x̌, 0, p̌) = c(−x̌)d
(
p̌ − ϕ0(x̌)

)∏n
i=1

(
p̌ − ϕi (x̌)

)νi , where ϕ0(x̌) = p0 − ρ

x̌

and ϕi (x̌) = p0 − ri
x̌

; the hypothesis that D �= D� = {p = GH(ρ)} translates into

the fact that, for all i ∈ {1, . . . , n}, ri �= ρ and therefore ϕi �≡ ϕ0. Note that if
νi ≥ 2, then ∂y̌ F

(
x̌, 0,ϕi (x̌)

) = (ri − ρ)B(1, ri ) �= 0; since ∂ p̌ F
(
x̌, 0,ϕ0(x̌)

) �≡ 0
and ∂ p̌ F

(
x̌, 0,ϕi (x̌)

) �≡ 0 if νi = 1, we deduce that the surface

SLegH =
{
(x̌, y̌, p̌) ∈ PT∗

P̌
2
C

| F(x̌, y̌, p̌) = 0
}

is smooth along D = {y̌ = 0}. Thus, according to [7, Theorem 2.1], the curvature of
LegH is holomorphic on D = {y̌ = 0} if and only if

∑n
i=1(νi − 1)ϕi (x̌)ψi (x̌) ≡ 0 and∑n

i=1(νi − 1) d
dx̌ ψi (x̌) ≡ 0, where, for all i ∈ {1, . . . , n} such that νi ≥ 2,

ψi (x̌) = 1

νi

[

(νi − 2)

(

d − ϕi (x̌)
∂ p̌∂y̌ F

(
x̌, 0,ϕi (x̌)

)

∂y̌ F
(
x̌, 0,ϕi (x̌)

)

)

−2(νi + 1)

⎛

⎝
ϕ0(x̌)

ϕi (x̌) − ϕ0(x̌)
+

n∑

j=1, j �=i

ν jϕ j (x̌)
ϕi (x̌) − ϕ j (x̌)

⎞

⎠

⎤

⎦ .

Now, if νi ≥ 3 then ∂ p̌∂y̌ F
(
x̌, 0,ϕi (x̌)

) = −x̌
(
B(1, ri ) + (ri − ρ)∂y B(1, ri )

)
. It follows

that

ψi (x̌) = ψi := 1

νi

⎡

⎣(νi − 2)

⎛

⎝d +
(
p0 − ri

)(
B(1, ri ) + (ri − ρ)∂y B(1, ri )

)

(ri − ρ)B(1, ri )

⎞

⎠

+2(νi + 1)

⎛

⎝ p0 − ρ

ri − ρ
+

n∑

j=1, j �=i

ν j (p0 − r j )

ri − r j

⎞

⎠

⎤

⎦ .
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Therefore K (LegH ) is holomorphic on D = {y̌ = 0} if and only if∑n
i=1(νi −1)ϕi (x̌)ψi ≡

0. On the other hand, arguing as in the proof of [7, Theorem 3.1], we obtain that

n∑

j=1, j �=i

ν j (p0 − r j )

ri − r j
=

∣
∣
∣
∣
∂x Pi (1, ri ; ri , 1) A(1, ri )
∂y Pi (1, ri ; ri , 1) B(1, ri )

∣
∣
∣
∣

B(1, ri )Pi (1, ri ; ri , 1)
and that, for all i ∈ {1, . . . , n} such that νi ≥ 2,

(d − 1)B(1, ri ) + (p0 − ri )∂y B(1, ri ) = ∂x B(1, ri ) − ∂y A(1, ri ),

so that

ψi = 1

νi

[
(νi − 2)

(
p0 − ρ

ri − ρ
+ ∂x B(1, ri ) − ∂y A(1, ri )

B(1, ri )

)

+2(νi + 1)

⎛

⎜
⎜
⎝

p0 − ρ

ri − ρ
+

∣
∣
∣
∣
∂x Pi (1, ri ; ri , 1) A(1, ri )
∂y Pi (1, ri ; ri , 1) B(1, ri )

∣
∣
∣
∣

B(1, ri )Pi (1, ri ; ri , 1)

⎞

⎟
⎟
⎠

⎤

⎥
⎥
⎦

= Qi (1, ri ; ri , 1)
νi B(1, ri )Pi (1, ri ; ri , 1) + 3(p0 − ρ)

ri − ρ
.

As a result, K (LegH ) is holomorphic along D = {y̌ = 0} if and only if

1

x̌

n∑

i=1

(
1 − 1

νi

)(
p0 − ri

)( Qi (1, ri ; ri , 1)
B(1, ri )Pi (1, ri ; ri , 1) + 3νi (p0 − ρ)

ri − ρ

)
= 0,

hence the theorem follows. ��
Remark 3.14 (i) We recover the fact (cf. step ii. of the proof of Theorem 3.7) that the cur-

vature of LegH is always holomorphic along �̌rad
H \ (GH(ItrH) ∪ D�). Indeed, if D is

contained in �̌rad
H \ (GH(ItrH) ∪ D�), then the fiber G−1

H ([p0 : 1]) does not contain any
non-fixed critical point of GH, so that we have p0bi − ai = 0 if νi ≥ 2, which implies
(Theorem 3.13) that K (LegH ) is holomorphic on D.

(ii) We know from [7, Theorem 3.1] that the curvature of LegH is holomorphic on D if
and only if

n∑

i=1

(
1 − 1

νi

)
(p0bi − ai )Qi (bi , ai ; ai , bi )
B(bi , ai )Pi (bi , ai ; ai , bi ) = 0.

From this result and Theorem 3.13, we deduce the following properties:

– If the curvature of LegH is holomorphic on D, then the curvature of LegH is
holomorphic on D if and only if

(α + p0 β)

n∑

i=1

(νi − 1)(p0bi − ai )

α bi + β ai
= 0.

– In particular, when d = 3 the fiber G−1
H ([p0 : 1]) is reduced to a single point,

say [a : b], and the holomorphy of the curvature of LegH on D is equivalent to
(α + p0 β)(p0b − a) = 0, i.e. to α + p0 β = 0 or [a : b] = [p0 : 1], and therefore to
(1, p0) ∈ � or [p0 : 1] is fixed by GH.

123



Geometriae Dedicata           (2025) 219:10 Page 15 of 39    10 

– If (1, p0) ∈ � then we have equivalence between the holomorphy on D of K (LegH )

and that of K (LegH).

(iii) Assume that νi = ν ≥ 2 for all i ∈ {1, . . . , n}. Then the curvature of LegH is
holomorphic on D if and only if

n∑

i=1

(p0bi − ai )

((
ν − 2

)(
∂x B(bi , ai ) − ∂y A(bi , ai )

)

B(bi , ai )
+ 3ν(α + p0 β)

α bi + β ai

)

= 0.

Indeed, in the above proof, put δi, j = (p0−ri )(p0−r j )
(ri−r j )

and note that

n∑

i=1

⎛

⎝(ν − 1)ϕi (x̌)
n∑

j=1, j �=i

ν(p0 − r j )

ri − r j

⎞

⎠ = ν(ν − 1)

x̌

n∑

i=1

n∑

j=1, j �=i

δi, j = ν(ν − 1)

x̌

∑

1≤i< j≤n

(δi, j + δ j,i ) ≡ 0.

In particular, if the fiber G−1
H ([p0 : 1]) contains a single non-fixed critical point of GH,

say [a : b], then
– either G−1

H ([p0 : 1]) = {[a : b]}, in which case ν = d − 1;
– or #G−1

H ([p0 : 1]) = 2, in which case d is necessarily odd, d = 2k + 1, and ν = k.

In both cases, the curvature of LegH is holomorphic on D if and only if

(ν − 2)(α b + β a)
(
∂x B(b, a) − ∂y A(b, a)

)
+ 3ν(α + p0 β)B(b, a) = 0.

Example 3.15 Let us consider the homogeneous pre-foliation H = � � H of co-degree 1
and odd degree 2k + 1 ≥ 5 on P2

C
defined by the 1-form

ω = (x − τ y)
(
yk(y − x)kdx + (y − λ x)k(y − μ x)kdy

)
,

where λ, μ ∈ C \ {0, 1} and τ ∈ C \ {1}.
We know from [7, Example 3.4] that D := {p = 0} ⊂ �(LegH) and that the fiber G−1

H ([0 :
1]) consists of the two points [0 : 1] and [1 : 1]: the point [0 : 1] (resp. [1 : 1]) is critical
and fixed (resp. non-fixed) for GH with multiplicity k − 1. Moreover, since τ �= 1, we have

[1 : τ ] /∈ G−1
H ([0 : 1]), so that D �= D� = {[p : 1] = GH([1 : τ ])}. From Remark 3.14 (iii),

we deduce that the curvature of LegH is holomorphic along D if and only if

0 = (k − 2)(1 − τ)
(
∂x B(1, 1) − ∂y A(1, 1)

)
+ 3kB(1, 1) = k(1 − λ)k (1 − μ)k

×
(

(k − 2)(τ − 1)(λ + μ − 2λμ)

(λ − 1)(μ − 1)
+ 3

)
,

i.e. if and only if the quadruple (k, λ, μ, τ) satisfies the equation (k − 2)(τ − 1)(λ+μ− 2λμ)+
3(λ− 1)(μ− 1) = 0.Note that, according to [7, Example 3.4], the holomorphy of the curvature
of LegH along D is characterized by the equation (k − 2)(λ + μ − 2λμ) = 0. It follows, in
particular, that if the curvature of LegH is holomorphic on D, then the curvature of LegH
is not holomorphic on D.

Corollary 3.16 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
, defined by the 1-form

ω = (α x + β y) (A(x, y)dx + B(x, y)dy) , A, B ∈ C[x, y]d−1, gcd(A, B) = 1.
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Assume that the foliation H has a transverse inflection line T = (ax + by = 0) of order
ν − 1. Assume moreover that [−a : b] ∈ P

1
C
is the only non-fixed critical point of GH in

its fiber G−1
H (GH([−a : b])) and that [−α : β] /∈ G−1

H (GH([−a : b])). Then the curvature of
LegH is holomorphic on T ′ = GH(T ) if and only if

(α b − β a)Q(b,−a; a, b) + 3ν
(
α B(b,−a) − β A(b,−a)

)
P(b,−a; a, b) = 0,

where

Q(x, y; a, b) := (ν − 2)

(
∂B

∂x
− ∂A

∂ y

)
P(x, y; a, b) + 2(ν + 1)

∣
∣∣∣
∣∣∣

∂P

∂x
A(x, y)

∂P

∂ y
B(x, y)

∣
∣∣∣
∣∣∣

and

P(x, y; a, b) :=

∣∣∣
∣
A(x, y) A(b, −a)

B(x, y) B(b, −a)

∣∣∣
∣

(ax + by)ν
.

Proof Up to linear conjugation, we can assume that T ′ �= L∞; then T ′ has the equation
p = p0, where p0 = − A(b,−a)

B(b,−a)
. According to Theorem 3.13, the curvature of LegH is

holomorphic on T ′ if and only if

(
1 − 1

ν

)
(p0b + a)

(
Q(b, −a; a, b)

B(b, −a)P(b,−a; a, b)
+ 3ν(α + p0 β)

α b − β a

)
= 0.

Now, the hypothesis that the point [−a : b] is not fixed by GH translates into p0b + a �= 0.
It follows that K (LegH ) is holomorphic on T ′ if and only if

Q(b, −a; a, b)

P(b,−a; a, b)
+ 3ν

(
α B(b,−a) − β A(b, −a)

)

α b − β a
= 0,

hence the corollary holds. ��
In particular, we have:

Corollary 3.17 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
, defined by the 1-form

ω = (α x + β y) (A(x, y)dx + B(x, y)dy) , A, B ∈ C[x, y]d−1, gcd(A, B) = 1.

Assume that H admits a transverse inflection line T = (ax + by = 0) of maximal order
d − 2 and that T �= �. Then the curvature of LegH is holomorphic along T ′ = GH(T ) if
and only if

(d − 3)(α b − β a)
(
∂x B(b,−a) − ∂y A(b,−a)

)
+ 3(d − 1)

(
α B(b,−a) − β A(b,−a)

)
= 0.

The following theorem is an effective criterion for the holomorphy of the curvature of the web
dual to a homogeneous pre-foliation H = � � H (with O ∈ �) along the component D� ⊂
�(LegH ).

Theorem 3.18 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
, defined by the 1-form

ω = (α x + β y) (A(x, y)dx + B(x, y)dy) , A, B ∈ C[x, y]d−1, gcd(A, B) = 1.
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Write G−1
H (GH([−α : β])) = {[−α : β], [a1 : b1], . . . , [an : bn]} and denote by νi (resp. ν0)

the ramification index of GH at the point [ai : bi ] (resp. [−α : β]). Define the polynomials
P0 ∈ C[x, y]d−ν0−1 and Q0 ∈ C[x, y]2d−ν0−3 by

P0(x, y; α, β) :=

∣∣
∣∣
A(x, y) A(β, −α)

B(x, y) B(β,−α)

∣∣
∣∣

(α x + β y)ν0
and

Q0(x, y; α, β) := (ν0 − 1)

(
∂B

∂x
− ∂A

∂ y

)
P0(x, y; α, β) + (2ν0 + 1)

∣∣
∣∣∣
∣∣

∂P0
∂x

A(x, y)

∂P0
∂ y

B(x, y)

∣∣
∣∣∣
∣∣
.

Assume that GH([−α : β]) �= ∞ and let p0 ∈ C be such that [p0 : 1] = GH([−α : β]).
Then the curvature of LegH is holomorphic on D� if and only if

(
1 + 1

ν0

)
(α + p0 β)Q0(β,−α; α, β)

B(β,−α)P0(β, −α; α, β)
+

n∑

i=1

(
1 − 1

νi

)(
p0bi − ai

)

(
Qi (bi , ai ; ai , bi )

B(bi , ai )Pi (bi , ai ; ai , bi ) + 3νi (α + p0 β)

α bi + β ai

)
= 0,

where the Pi ’s and the Qi ’s (i = 1, . . . , n) are the polynomials given by (3.2).

Note that the d-web LegH = Leg� � LegH is not smooth along the component D� ⊂
Tang(Leg�,LegH) and therefore we cannot apply Theorem 2.1 of [7] to LegH as we did
in the proof of Theorem 3.13. To prove Theorem 3.18, we will first establish, for a foliation
F and a web W smooth along an irreducible component D of Tang(F,W), an effective
criterion for the holomorphy of the curvature of F � W along D.

Theorem 3.19 Let W be a holomorphic (d − 1)-web on a complex surface M . Let F be a
holomorphic foliation on M . Assume that W is smooth along an irreducible component D
of Tang(F,W). Then the fundamental form η(F � W) has simple poles along D. More
precisely, choose a local coordinate system (x, y) on M such that D = {y = 0} and let
F(x, y, p) = 0, p = dy

dx , be an implicit differential equation definingW.Write F(x, 0, p) =
a0(x)

n∏

α=1
(p − ϕα(x))να , with ϕα �≡ ϕβ if α �= β, and assume that F is given by a 1-

form ω of type ω = dy − (ϕ1(x) + y f (x, y)) dx . Define Q(x, p) by F(x, 0, p) = (p −
ϕ1(x))ν1Q(x, p) and put

h(x) = 1

ν1

[
(ν1 − 1)

(
d − 1 − ϕ1(x)

∂p∂y F(x, 0,ϕ1(x)) + 2δν1,2 f (x, 0)Q(x,ϕ1(x))

∂y F(x, 0,ϕ1(x))

)

−(2ν1 + 1)
n∑

α=2

ναϕα(x)
ϕ1(x) − ϕα(x)

]

(where δν1,2 = 1 if ν1 = 2 and 0 otherwise). Let ψα be a function of the coordinate x
defined, for all α ∈ {1, . . . , n} such that να ≥ 2, by

ψα(x) = 1

να

[

(να − 2)

(

d − 1 − ϕα(x)
∂p∂y F

(
x, 0,ϕα(x)

)

∂y F
(
x, 0,ϕα(x)

)

)

−2(να + 1)
n∑

β=1,β�=α

νβϕβ(x)
ϕα(x) − ϕβ(x)

⎤

⎦ .
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Then the 1-form η(F � W) − θ
6y is holomorphic along D = {y = 0}, where

θ = (ν1 + 1)
[
h(x)

(
dy − ϕ1(x)dx

)
+ (ν1 − 1)dy

]

+
n∑

α=2

(να − 1)

[(
ψα(x) + 3ϕ1(x)

ϕ1(x) − ϕα(x)

)
(
dy − ϕα(x)dx

)+ (να − 2)dy

]
.

In particular, the curvature K (F � W) is holomorphic along D if and only if

(ν1 + 1)ϕ1(x)h(x) +
n∑

α=2

(να − 1)ϕα(x)

(
ψα(x) + 3ϕ1(x)

ϕ1(x) − ϕα(x)

)
≡ 0

and

d

dx

(

(ν1 + 1)h(x) +
n∑

α=2

(να − 1)

(
ψα(x) + 3ϕ1(x)

ϕ1(x) − ϕα(x)

))

≡ 0.

Proof In a neighborhood of a generic point m of D, the web W decomposes as W =
�n

α=1Wα, where Wα = �να

i=1F
α
i and Fα

i |y=0 : dy − ϕα(x)dx = 0. Then η(F � W) =
η(W) + η1 + η2 + η3 + η4, where

η1 =
∑

1≤i< j≤ν1

η(F � F1
i � F1

j ),η2 =
n∑

α=2

∑

1≤i≤ν1
1≤ j≤να

η(F � F1
i � Fα

j ),

η3 =
n∑

α=2

∑

1≤i< j≤να

η(F � Fα
i � Fα

j ),η4 =
∑

2≤α<β≤n

∑

1≤i≤να
1≤ j≤νβ

η(F � Fα
i � Fβ

j ).

According to [7, Theorem 2.1], the principal part of the Laurent series of η(W) at y = 0
is given by θ0

y , where

θ0 = 1

6

n∑

α=1

(
να − 1

)[
ψα(x)

(
dy − ϕα(x)dx

)+ (
να − 2

)
dy
]
.

As for the 1-forms η1, . . . , η4, first note that, as in the proof of [7, Theorem 2.1], the slope
pj ( j = 1, . . . , να) of T(x,y)Fα

j can be written as

pj = λα, j (x, y) := ϕα(x) +
∑

k≥1

fα,k(x)ζ
jk
α y

k
να , where fα,k ∈ C{x},

with fα,1 �≡ 0 and ζα = exp( 2iπ
να

). Moreover, for α = 1, if ν1 ≥ 2, then

( f1,1(x))
ν1 = −∂y F

(
x, 0,ϕ1(x)

)

Q(x,ϕ1(x))
(3.4)

and, for all α ∈ {1, . . . , n} such that να ≥ 2, we have

fα,2(x)

( fα,1(x))2
= 1

να

⎡

⎣∂p∂y F
(
x, 0,ϕα(x)

)

∂y F
(
x, 0,ϕα(x)

) −
n∑

β=1,β�=α

νβ

ϕα(x) − ϕβ(x)

⎤

⎦ . (3.5)
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Put λ0(x, y) = ϕ1(x)+ y f (x, y); according to [7, Lemma 2.8], we have η(F �F1
i �F1

j ) =
ai, j (x, y)dx + bi, j (x, y)dy, where

ai, j = −
(
∂y(λ1,iλ1, j ) − ∂xλ0

)
λ0

(λ1,i − λ0)(λ1, j − λ0)
−
(
∂y(λ1,iλ0) − ∂xλ1, j

)
λ1, j

(λ1,i − λ1, j )(λ0 − λ1, j )
−
(
∂y(λ1, jλ0) − ∂xλ1,i

)
λ1,i

(λ1, j − λ1,i )(λ0 − λ1,i )

and

bi, j = ∂y(λ1,iλ1, j ) − ∂xλ0

(λ1,i − λ0)(λ1, j − λ0)
+ ∂y(λ1,iλ0) − ∂xλ1, j

(λ1,i − λ1, j )(λ0 − λ1, j )
+ ∂y(λ1, jλ0) − ∂xλ1,i

(λ1, j − λ1,i )(λ0 − λ1,i )
.

Writing f (x, y) = ∑
k≥0 f0,k(x)yk and putting w1 = y

1
ν1 , a straightforward computation

leads to the following equalities:

∂y(λ1,iλ1, j ) − ∂xλ0 = 1

ν1y

[
(ζi1 + ζ

j
1)

ϕ1 f1,1w1 + 2
(
ζ
i+ j
1 f 21,1 + (ζ2i1 + ζ

2 j
1 )ϕ1 f1,2 − δν1,2

ϕ
′
1

)
w2
1

+ · · · ] ,
∂y(λ1,iλ0) − ∂xλ1, j = 1

ν1y

[
ζi1ϕ1 f1,1w1 + 2

(
ζ2i1 ϕ1 f1,2 + (ϕ1 f0,0 − ϕ

′
1)δν1,2

)
w2
1 + · · ·

]
,

(λ1,i − λ0)(λ1, j − λ0) = ζ
i+ j
1 f 21,1w

2
1 + (ζ

2i+ j
1 + ζ

i+2 j
1 ) f1,1 f1,2w

3
1 + · · · ,

(λ1,i − λ1, j )(λ0 − λ1, j ) = (ζ
2 j
1 − ζ

i+ j
1 ) f 21,1w

2
1 + f1,1

((
2ζ3 j1 − ζ

2i+ j
1 − ζ

i+2 j
1

)
f1,2 − 2δν1,2 f0,0

)
w3
1

+ · · · .

These equalities allow us to check that ai, j and bi, j can be written as

ai, j =
ϕ1

(
ϕ1 f1,2 − f 21,1 − δν1,2

ϕ1 f0,0
)

+ w1Ai, j

ν1y f
2
1,1

,

bi, j = 2 f 21,1 − ϕ1 f1,2 + δν1,2
ϕ1 f0,0 + w1Bi, j

ν1y f
2
1,1

,

where Ai, j , Bi, j ∈ C{x, w1}. Since η1 is a uniform and meromorphic 1-form, we deduce
that the principal part of the Laurent series of η1 at y = 0 is given by θ1

y , where

θ1 =
(

ν1

2

)⎛

⎝
ϕ1(x)

(
ϕ1(x) f1,2(x) − f1,1(x)

2 − δν1,2
ϕ1(x) f0,0(x)

)

ν1 f1,1(x)2
dx

+ 2 f1,1(x)2 − ϕ1(x) f1,2(x) + δν1,2
ϕ1(x) f0,0(x)

ν1 f1,1(x)2
dy

)

= 1

2
(ν1 − 1)

[
ϕ1(x)

(
δν1,2 f0,0(x)

f1,1(x)2
− f1,2(x)

f1,1(x)2

) (
dy − ϕ1(x)dx

)+ 2dy − ϕ1(x)dx

]
.

Thanks to (3.4), (3.5) and the equality f0,0(x) = f (x, 0), the 1-form θ1 can be rewritten as

θ1 = 1

2

(
1 − 1

ν1

)(
d − 1 − ϕ1(x)

∂p∂y F(x, 0, ϕ1(x)) + 2δν1,2 f (x, 0)Q(x, ϕ1(x))

∂y F(x, 0, ϕ1(x))

+
n∑

α=2

ναϕα(x)
ϕ1(x) − ϕα(x)

)
(
dy − ϕ1(x)dx

)+ 1

2
(ν1 − 1)dy.

Let us nowpass toη2.Putwα,1 = y
1

ν1να ; again by [7, Lemma2.8], we haveη(F�F1
i �Fα

j ) =
aα
i, j (x, y)dx + bα

i, j (x, y)dy, where

aα
i, j = −

(
∂y(λ1,iλα, j ) − ∂xλ0

)
λ0

(λ1,i − λ0)(λα, j − λ0)
−
(
∂y(λ1,iλ0) − ∂xλα, j

)
λα, j

(λ1,i − λα, j )(λ0 − λα, j )
−
(
∂y(λα, jλ0) − ∂xλ1,i

)
λ1,i

(λα, j − λ1,i )(λ0 − λ1,i )
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= 1

ν1y

(
ϕ1ϕα

ϕ1 − ϕα
+ wα,1A

α
i, j

)

and

bα
i, j = ∂y(λ1,iλα, j ) − ∂xλ0

(λ1,i − λ0)(λα, j − λ0)
+ ∂y(λ1,iλ0) − ∂xλα, j

(λ1,i − λα, j )(λ0 − λα, j )
+ ∂y(λα, jλ0) − ∂xλ1,i

(λα, j − λ1,i )(λ0 − λ1,i )

= − 1

ν1y

(
ϕα

ϕ1 − ϕα
+ wα,1B

α
i, j

)
,

where Aα
i, j , B

α
i, j ∈ C{x, wα,1}. The 1-form η2 being uniform and meromorphic, it follows

that the principal part of the Laurent series of η2 at y = 0 is given by θ2
y , where

θ2 =
n∑

α=2

ν1να

(
ϕ1(x)ϕα(x)

ν1 (ϕ1(x) − ϕα(x))
dx − ϕα(x)

ν1 (ϕ1(x) − ϕα(x))
dy

)

= −(dy − ϕ1(x)dx)
n∑

α=2

ναϕα(x)
ϕ1(x) − ϕα(x)

.

Similarly, putting wα = y
1
να and using [7, Lemma 2.8], we obtain that

η(F � Fα
i � Fα

j ) = 1

ναy

[(
− ϕ1(x)ϕα(x)

ϕ1(x) − ϕα(x)
+ wα Ãα

i, j (x, wα)

)
dx

+
(

ϕ1(x)
ϕ1(x) − ϕα(x)

+ wα B̃α
i, j (x, wα)

)
dy

]
,

where Ãα
i, j , B̃

α
i, j ∈ C{x, wα}, so that the principal part of the Laurent series of η3 at y = 0

is given by θ3
y , where

θ3 =
n∑

α=2

(
να

2

)(
− ϕ1(x)ϕα(x)

να (ϕ1(x) − ϕα(x))
dx + ϕ1(x)

να (ϕ1(x) − ϕα(x))
dy

)

= 1

2

n∑

α=2

(να − 1)ϕ1(x) (dy − ϕα(x)dx)
ϕ1(x) − ϕα(x)

.

Finally, since (ϕ1 − ϕα)(ϕα − ϕβ)(ϕβ − ϕ1) �≡ 0 for all β > α ≥ 2, [7, Lemma 2.8] implies

that the 1-form η(F �Fα
i �Fβ

j ) has no poles along y = 0; therefore the same is true for the
1-form η4.

As a result, the principal part of the Laurent series of η(F �W) at y = 0 is given by θ̂
y ,

where

θ̂ =θ0 + θ1 + θ2 + θ3

=1

6

(
(ν1 + 1)h(x) − (ν1 − 1)ψ1(x)

)(
dy − ϕ1(x)dx

)+ 1

2
(ν1 − 1)dy

+ 1

6

n∑

α=1

(
να − 1

)[
ψα(x)

(
dy − ϕα(x)dx

)+ (
να − 2

)
dy
]

+ 1

2

n∑

α=2

(να − 1)ϕ1(x) (dy − ϕα(x)dx)
ϕ1(x) − ϕα(x)

=1

6
(ν1 + 1)

[
h(x)

(
dy − ϕ1(x)dx

)
+ (ν1 − 1)dy

]
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+ 1

6

n∑

α=2

(να − 1)

[(
ψα(x) + 3ϕ1(x)

ϕ1(x) − ϕα(x)

)
(
dy − ϕα(x)dx

)+ (να − 2)dy

]

= θ

6
,

hence the theorem follows. ��
Proof of Theorem 3.18 As in the proof of Theorem 3.13, up to linear conjugation, we can
assume that β �= 0 and bi �= 0 for all i ∈ {1, . . . , n}. Then, by putting r0 := − α

β
and ri := ai

bi
for i ∈ {1, . . . , n}, [7, Lemma 3.5] implies the existence of a constant c ∈ C

∗ such that

−A(1, z) = p0B(1, z) − c
n∏

i=0

(z − ri )
νi .

Since A, B ∈ C[x, y]d−1, the differential equation (3.3) describing LegH in the affine
chart (p, q) then becomes

xd
(
p − q

x − r0
)(

(p − p0)B(1, p − q
x ) + c

n∏

i=0

(p − q
x − ri )

νi
)

= 0, with x = dq

dp
.

Put x̌ := q , y̌ := p−p0 and p̌ := d y̌

dx̌
= 1

x
; in this newcoordinate system D� = {y̌ = 0} and

LegH = Leg��LegH is given by the differential equation (y̌+p0− p̌x̌−r0)F(x̌, y̌, p̌) = 0,
where

F(x̌, y̌, p̌) = y̌ B(1, y̌ + p0 − p̌x̌) + c
n∏

i=0

(y̌ + p0 − p̌x̌ − ri )
νi .

We have F(x̌, 0, p̌) = c(−x̌)d−1∏n
i=0

(
p̌ − ϕi (x̌)

)νi , where ϕi (x̌) = p0−ri
x̌ . Furthermore

the radial foliation Leg� is described by ω̌0 = d y̌ − (
ϕ0(x̌) + y̌

x̌

)
dx̌ ; in particular we have

D� ⊂ Tang(Leg�,LegH). Note that if νi ≥ 2, then ∂y̌ F
(
x̌, 0,ϕi (x̌)

) = B(1, ri ) �= 0; since
∂ p̌ F

(
x̌, 0,ϕi (x̌)

) �≡ 0 if νi = 1, it follows that the surface

SLegH =
{
(x̌, y̌, p̌) ∈ PT∗

P̌
2
C

| F(x̌, y̌, p̌) = 0
}

is smooth along D� = {y̌ = 0}. Therefore, according to Theorem 3.19, the curvature of
LegH is holomorphic on D� = {y̌ = 0} if and only if

(ν0 + 1)ϕ0(x̌)h(x̌) +
n∑

i=1

(νi − 1)ϕi (x̌)

(
ψi (x̌) + 3ϕ0(x̌)

ϕ0(x̌) − ϕi (x̌)

)
≡ 0

and

d

dx̌

⎛

⎝(ν0 + 1)h(x̌) +
n∑

i=1

(νi − 1)

(
ψi (x̌) + 3ϕ0(x̌)

ϕ0(x̌) − ϕi (x̌)

)⎞

⎠ ≡ 0,

where

h(x̌) = 1

ν0

[

(ν0 − 1)

(

d − 1 − ϕ0(x̌)
∂ p̌∂y̌ F

(
x̌, 0, ϕ0(x̌)

)− 2cδν0,2(−x̌)d−2∏n
j=1

(
ϕ0(x̌) − ϕ j (x̌)

)ν j

∂y̌ F
(
x̌, 0,ϕ0(x̌)

)

)

−(2ν0 + 1)
n∑

j=1

ν jϕ j (x̌)
ϕ0(x̌) − ϕ j (x̌)

⎤

⎦
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and, for all i ∈ {1, . . . , n} such that νi ≥ 2,

ψi (x̌) = 1

νi

⎡

⎣(νi − 2)

(

d − 1 − ϕi (x̌)
∂ p̌∂y̌ F

(
x̌, 0, ϕi (x̌)

)

∂y̌ F
(
x̌, 0, ϕi (x̌)

)

)

− 2(νi + 1)
n∑

j=0, j �=i

ν jϕ j (x̌)
ϕi (x̌) − ϕ j (x̌)

⎤

⎦ .

Now, if νi ≥ 2 then ∂ p̌∂y̌ F
(
x̌, 0,ϕi (x̌)

) = −x̌
(
∂y B(1, ri ) + 2cδνi ,2

n∏

j=0, j �=i

(
ri − r j

)ν j
)
.

From this we deduce that

h(x̌) = h0 := 1

ν0

⎡

⎣(ν0 − 1)

(
d − 1 + (p0 − r0)∂y B(1, r0)

B(1, r0)

)
+ (2ν0 + 1)

n∑

j=1

ν j (p0 − r j )

r0 − r j

⎤

⎦

and

ψi (x̌) = ψi := 1

νi

⎡

⎣(νi − 2)

(
d − 1 + (p0 − ri )∂y B(1, ri )

B(1, ri )

)
+ 2(νi + 1)

n∑

j=0, j �=i

ν j (p0 − r j )

ri − r j

⎤

⎦ .

Thus K (LegH ) is holomorphic along D� = {y̌ = 0} if and only if

(ν0 + 1)(p0 − r0)h0 +
n∑

i=1

(νi − 1)(p0 − ri )
(
ψi + 3(p0−r0)

ri−r0

)
= 0.

Moreover, we have (cf. proof of [7, Theorem 3.1])

n∑

j=1

ν j (p0 − r j )

r0 − r j
=

∣∣∣
∣
∂x P0(1, r0; −r0, 1) A(1, r0)
∂y P0(1, r0; −r0, 1) B(1, r0)

∣∣∣
∣

B(1, r0)P0(1, r0;−r0, 1)
,

n∑

j=0, j �=i

ν j (p0 − r j )

ri − r j
=

∣∣
∣∣
∂x Pi (1, ri ; ri , 1) A(1, ri )
∂y Pi (1, ri ; ri , 1) B(1, ri )

∣∣
∣∣

B(1, ri )Pi (1, ri ; ri , 1)
(
for i = 1, . . . , n

)

and, for all i ∈ {0, . . . , n} such that νi ≥ 2,

(d − 1)B(1, ri ) + (p0 − ri )∂y B(1, ri ) = ∂x B(1, ri ) − ∂y A(1, ri ).

By the definition of the polynomials Qi ’s, it follows that

h0 = Q0(1, r0;−r0, 1)

ν0B(1, r0)P0(1, r0;−r0, 1)
and ψi = Qi (1, ri ; ri , 1)

νi B(1, ri )Pi (1, ri ; ri , 1) .

As a consequence, K (LegH ) is holomorphic on D� = {y̌ = 0} if and only if

(
1 + 1

ν0

)
(p0 − r0)Q0(1, r0; −r0, 1)

B(1, r0)P0(1, r0; −r0, 1)
+

n∑

i=1

(
1 − 1

νi

)
(p0 − ri )

×
(

Qi (1, ri ; ri , 1)
B(1, ri )Pi (1, ri ; ri , 1) + 3νi (p0 − r0)

ri − r0

)
= 0.

This ends the proof of the theorem. ��
Corollary 3.20 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
, defined by the 1-form

ω = (α x + β y) (A(x, y)dx + B(x, y)dy) , A, B ∈ C[x, y]d−1, gcd(A, B) = 1.
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Assume that the line � is not invariant by H and that the fiber G−1
H
(
GH([−α : β])) does not

contain any non-fixed critical point of GH. Then the curvature of LegH is holomorphic on
D� = GH(�) if and only if Q(β,−α; α, β) = 0, where

Q(x, y; α, β) :=

∣
∣
∣
∣
∣
∣
∣

∂P

∂x
A(β,−α)

∂P

∂ y
B(β,−α)

∣
∣
∣
∣
∣
∣
∣

and

P(x, y; α, β) :=

∣
∣
∣
∣
A(x, y) A(β,−α)

B(x, y) B(β,−α)

∣
∣
∣
∣

α x + β y
. (3.6)

Remark 3.21 In particular, in degree d = 3, the curvature of LegH is holomorphic along
D� if and only if the line with equation A(β,−α)x + B(β,−α)y = 0 is invariant by H, or
equivalently, if and only if GH

(
GH([−α : β])) = GH([−α : β]).

Indeed, putting a = A(β,−α), b = B(β,−α) and P(x, y; α, β) = f (α, β)x + g(α, β)y
we obtain

Q(β,−α; α, β) = f (α, β)b − g(α, β)a = P(b,−a ; α, β)

= −bA(b,−a) − aB(b,−a)

β a − α b
= −CH (b,−a)

CH(β,−α)
,

where CH = x A + yB denotes the tangent cone of H at the origin O, see [4, Section 2].

Combining Corollaries 3.12 and 3.20, we obtain:

Corollary 3.22 Let H = � � H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P2

C
, defined by the 1-form

ω = (α x + β y) (A(x, y)dx + B(x, y)dy) , A, B ∈ C[x, y]d−1, gcd(A, B) = 1.

Assume that the homogeneous foliationH is convex and that the line � is not invariant byH.

Then the d-web LegH is flat if and only if Q(β,−α; α, β) = 0, where Q is the polynomial
given by (3.6).

Here are two examples that will be useful in Section §5.

Example 3.23 Let us consider the homogeneous foliation Hd−1
0 defined in the affine chart

z = 1 by the 1-form

ωd−1
0 = (d − 2)yd−1dx + x

(
xd−2 − (d − 1)yd−2

)
dy.

We know from [4, Example 6.5] that Hd−1
0 is convex, of type 1 · Rd−2 + (d − 2) · R1 and

with inflection divisor

IHd−1
0

= IinvHd−1
0

= −(d − 1)(d − 2)x z yd−1(yd−2 − xd−2)2.

If � is one of the invariant lines of Hd−1
0 , i.e. if � ∈ {xyz(y − ζk x) = 0, k = 0, . . . , d − 3},

where ζ = exp
(

2iπ
d−2

)
, then the d-web Leg(� � Hd−1

0 ) is flat by Corollary 3.11.
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If � = (y−ρx = 0) is not invariant byHd−1
0 , then the d-web Leg(��Hd−1

0 ) is flat if and
only if ρd−2 = 1

2(d−2) , i.e. if and only if � ∈ {y − ρ0ζ
k x = 0, k = 0, . . . , d − 3

}
, where

ρ0 = d−2
√

1
2 d−4 . Indeed, with the notations of Corollary 3.20, we have

Q(x, y; −ρ, 1) =
(
1 − (d − 1)ρd−2

) ∂P

∂x
− (d − 2)ρd−1 ∂P

∂ y

and

P(x, y; −ρ, 1) = −(d − 2)

(

(d − 1)(ρy)d−2 − yd−1 − (ρx)d−1

y − ρx

)

= −(d − 2)

⎛

⎝(d − 1)(ρy)d−2 −
d−2∑

i=0

ρi xi yd−2−i

⎞

⎠ ,

so that, according to Corollary 3.22, the flatness of Leg(� � Hd−1
0 ) is characterized by

0 = Q(1, ρ; −ρ, 1) = 1

2
(d − 1)(d − 2)2ρd−2

(
ρd−2 − 1

) (
(2 d − 4)ρd−2 − 1

)
⇐⇒ ρd−2 = 1

2(d − 2)
.

In all cases, for any line � ⊂ P
2
C
such that O ∈ � or � = L∞, the d-web Leg(� � Hd−1

0 )

is flat if and only if, up to linear conjugation, � = L∞ or � ∈ {xy(y − x)(y − ρ0 x) = 0} .

Indeed, putting ϕ(x, y) = (x, ζk y), we have

ϕ∗ ((y − ζk x
)
ωd−1
0

)
= ζ2k

(
y − x

)
ωd−1
0

and

ϕ∗ ((y − ρ0ζ
k x
)
ωd−1
0

)
= ζ2k

(
y − ρ0 x

)
ωd−1
0 .

Example 3.24 For d ≥ 4, let Hd−1
4 be the homogeneous foliation defined in the affine chart

z = 1 by the 1-form

ωd−1
4 = y(σd x

d−2 − yd−2)dx + x(σd y
d−2 − xd−2)dy, where σd = 1 + 2

d−3 .

This foliation is convex of type (d − 2) · R2; indeed, a straightforward computation shows
that

IHd−1
4

= IinvHd−1
4

= σd(σd − 1)xyz
(
xd−2 + yd−2)3.

Let � be a line ofP2
C
such that O ∈ � or � = L∞. If � is invariant byHd−1

4 , thenCorollary 3.11
ensures thatLeg(��Hd−1

4 ) is flat, andwehave � ∈ {xyz(y−ξ2k+1 x) = 0, k = 0, . . . , d−3},
where ξ = exp

(
iπ
d−2

)
.

If � is not invariant byHd−1
4 , then � = {y − ρ x = 0} with ρ(ρd−2 + 1) �= 0; by applying

Corollary 3.22, we obtain that the d-web Leg(� � Hd−1
4 ) is flat if and only if

0 = Q(1, ρ;−ρ, 1) = −σd(d − 2)(ρd−2 + 1)2(ρd−2 − 1),

hence if and only if ρd−2 = 1, which is equivalent to � ∈ {y− ξ2k x = 0, k = 0, . . . , d −3}.
Note that, in all cases, the d-web Leg(� � Hd−1

4 ) is flat if and only if, up to linear
conjugation, � = L∞ or � ∈ {x(y − x)(y − ξ x) = 0} . Indeed, putting ϕ(x, y) = (y, x) and
ψ(x, y) = (x, ξ2k y), we have

ϕ∗(yωd−1
4 ) = xωd−1

4 ,ψ∗ ((y − ξ2k x
)
ωd−1
4

)
= ξ4k

(
y − x

)
ωd−1
4 ,

123



Geometriae Dedicata           (2025) 219:10 Page 25 of 39    10 

ψ∗ ((y − ξ2k+1 x
)
ωd−1
4

)
= ξ4k

(
y − ξ x

)
ωd−1
4 .

Corollary 3.25 Let d ≥ 3 be an integer and letH be a homogeneous foliation of degree d−1
on P

2
C
defined by the 1-form

ω = A(x, y)dx + B(x, y)dy, A, B ∈ C[x, y]d−1, gcd(A, B) = 1.

Assume that H admits a transverse inflection line � = (α x + β y = 0) of order ν − 1.
Assume moreover that [−α : β] ∈ P

1
C
is the only non-fixed critical point of GH in its fiber

G−1
H (GH([−α : β])). Put H := � � H. Then the curvature of LegH is holomorphic along

D� if and only if Q(β,−α; α, β) = 0, where

Q(x, y; α, β) := (ν − 1)

(
∂B

∂x
− ∂A

∂ y

)
P(x, y; α, β) + (2ν + 1)

∣
∣∣∣
∣∣∣

∂P

∂x
A(x, y)

∂P

∂ y
B(x, y)

∣
∣∣∣
∣∣∣
and

P(x, y; α, β) :=

∣∣∣
∣
A(x, y) A(β, −α)

B(x, y) B(β, −α)

∣∣∣
∣

(α x + β y)ν
.

Corollary 3.26 Let d ≥ 3 be an integer and letH be a homogeneous foliation of degree d−1
on P

2
C
defined by the 1-form

ω = A(x, y)dx + B(x, y)dy, A, B ∈ C[x, y]d−1, gcd(A, B) = 1.

Assume thatH has a transverse inflection line � = (α x + β y = 0) of maximal order d − 2.
Put H := � � H. Then the curvature of LegH is holomorphic along D� if and only if the
2-form dω vanishes on the line �.

Remark 3.27 When d ≥ 4 the condition «dω vanishes on the line �» also expresses the
holomorphy of the curvature of LegH along D�, thanks to [4, Theorem 3.8]. Thus Corol-
lary 3.26 establishes the equivalence between the holomorphy on D� of K (LegH ) and that
of K (LegH).

4 Flatness and homogeneous pre-foliations � � H of co-degree 1 such
that degTH = 2

In this section we propose to classify, up to automorphism of P2
C
, all homogeneous pre-

foliations H = � � H of co-degree 1 and degree d ≥ 3 on P
2
C
such that deg TH = 2 and

the d-web LegH is flat. The equality deg TH = 2 holds if and only if the type TH ofH is of
one of the following three forms: 2 · Rd−2, 2 · Td−2, 1 · Rd−2 + 1 · Td−2. According to [4,
Proposition 4.1], every homogeneous foliation of type 2 · Rd−2 is linearly conjugate to the
convex foliation Hd−1

1 defined by the 1-form

ωd−1
1 = yd−1dx − xd−1dy.

The homogeneous foliations of type 2 ·Td−2, resp. 1 ·Rd−2 +1 ·Td−2, are given, up to linear
conjugation, by

ωd−1
2 (λ, μ) = (xd−1 + λ yd−1)dx + (μ xd−1 − yd−1)dy, where λ, μ ∈ C,with

λμ �= −1,

resp. ωd−1
3 (λ) = (xd−1 + λyd−1)dx + xd−1dy, where λ ∈ C

∗,
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cf. proof of [4, Proposition 4.1]. We will denote byHd−1
2 (λ, μ), resp.Hd−1

3 (λ), the foliation
defined by ωd−1

2 (λ, μ), resp. ωd−1
3 (λ).

In the following three lemmas, � denotes a line of P2
C
such that O ∈ � or � = L∞.

Lemma 4.1 The d-web Leg(��Hd−1
1 ) is flat if and only if, up to linear conjugation, � = L∞

or � ∈ {x(y − x)(y − ξ x) = 0}, where ξ = exp
(

iπ
d−2

)
.

Proof Note first of all that the foliation Hd−1
1 has inflection divisor

IHd−1
1

= IinvHd−1
1

= (d − 1)z xd−1yd−1(yd−2 − xd−2).

i. If � is invariant by Hd−1
1 , then � ∈ {xyz(y − ξ2k x) = 0, k = 0, . . . , d − 3} and the

d-web Leg(� � Hd−1
1 ) is flat (Corollary 3.11).

ii. Assume that � is not invariant byHd−1
1 ; then � = (y − ρx = 0) with ρ(ρd−2 − 1) �= 0.

According to Corollary 3.22, the d-web Leg(��Hd−1
1 ) is flat if and only if Q(1, ρ;−ρ, 1) =

0, where

Q(x, y;−ρ, 1) = −∂P

∂x
− ρd−1 ∂P

∂ y
and

P(x, y;−ρ, 1) = − yd−1 − (ρx)d−1

y − ρx
= −

d−2∑

i=0

ρi x i yd−2−i .

Thus Q(1, ρ;−ρ, 1) = 1
2 (d − 1)(d − 2)ρd−2(ρd−2 + 1), and the flatness of Leg(� �Hd−1

1 )

is equivalent to ρd−2 = −1 and therefore to � ∈ {y − ξ2k+1x = 0, k = 0, . . . , d − 3}.
In the two cases considered, Leg(� � Hd−1

1 ) is flat if and only if, up to conjugation,
� = L∞ := (z = 0) or � ∈ {x(y − x)(y − ξ x) = 0}. Indeed, putting ϕ1(x, y) = (y, x) and
ϕ2(x, y) = (x, ξ2k y), we have

ϕ∗
1(yω

d−1
1 ) = −xωd−1

1 , ϕ∗
2

(
(y − ξ2k x)ωd−1

1

)
= ξ4k (y − x)ωd−1

1 ,

ϕ∗
2

(
(y − ξ2k+1x)ωd−1

1

)
= ξ4k (y − ξ x)ωd−1

1 .

��
Lemma 4.2 The d-web Leg

(
� � Hd−1

2 (λ, μ)
)
is flat if and only if, up to linear conjugation,

one of the following cases occurs:

(i) � = L∞ and d = 3;
(ii) � = L∞, d ≥ 4 and λ = μ = 0;
(iii) � = (x = 0) and λ = μ = 0;
(iv) � = (y − x = 0), d ≥ 4 and (λ, μ) = ( 3

d ,− 3
d

)
;

(v) � = (y − ξ′ x = 0), d ≥ 4 and (λ, μ) =
(
3ξ′
d ,− 3

dξ′
)
, where ξ′ = exp

( iπ
d

)
.

Proof We have ωd−1
2 (λ, μ) = A(x, y)dx+B(x, y)dy, where A(x, y) = xd−1+λ yd−1 and B(x, y) =

μ xd−1 − yd−1; an immediate computation shows that

IinvHd−1
2 (λ,μ)

= z(xd + μ xd−1y + λ xyd−1 − yd)

and

ItrHd−1
2 (λ,μ)

= xd−2yd−2.
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1. If � = L∞ and d = 3, then the web Leg(� � H2
2(λ, μ)) is flat by Corollary 3.2.

2. Assume that � = L∞ and d ≥ 4. Then, according to [4, Theorem 3.1 and 3.8], the
web Leg(Hd−1

2 (λ, μ)) is flat if and only if d
(
ωd−1
2 (λ, μ)

)
vanishes on the two lines xy = 0.

Now,

d
(
ωd−1
2 (λ, μ)

)∣∣
∣
x=0

= −(d − 1)λ yd−2dx ∧ dy

and

d
(
ωd−1
2 (λ, μ)

)∣∣
∣
y=0

= (d − 1)μ xd−2dx ∧ dy.

Therefore Leg(Hd−1
2 (λ, μ)) is flat if and only if λ = μ = 0; hence the same holds for

Leg(� � Hd−1
2 (λ, μ)) (Theorem 3.1).

3. Let us consider the case where � ∈ {xy = 0}. Up to permuting the coordinates x and y,
we can assume that � = (x = 0).According to Theorem 3.7, the d-web Leg(��Hd−1

2 (λ, μ))

is flat if and only if its curvature is holomorphic on GHd−1
2 (λ,μ)

({xy = 0}). Now, on the

one hand, K (Leg(� � Hd−1
2 (λ, μ))) is holomorphic on D� = GHd−1

2 (λ,μ)
(�) if and only if

d
(
ωd−1
2 (λ, μ)

)
vanishes on � = (x = 0) (Corollary 3.26), i.e. if and only if λ = 0. On

the other hand, according to Corollary 3.17, K (Leg(� � Hd−1
2 (λ, μ))) is holomorphic on

GHd−1
2 (λ,μ)

({y = 0}) if and only if

0 = (d − 3)
(
∂x B(1, 0) − ∂y A(1, 0)

)+ 3(d − 1)B(1, 0) = d(d − 1)μ ⇐⇒ μ = 0.

It follows that Leg(� � Hd−1
2 (λ, μ)) is flat if and only if λ = μ = 0.

4. Let us examine the case where � = (y − ρ x = 0) with ρ �= 0. By Corollary 3.17,
K (Leg(� � Hd−1

2 (λ, μ))) is holomorphic on GHd−1
2 (λ,μ)

({xy = 0}) if and only if

⎧
⎪⎪⎨

⎪⎪⎩

0 = −(d − 3)
(
∂x B(0, −1) − ∂y A(0, −1)

)
− 3(d − 1)

(
A(0, −1) + ρB(0, −1)

)

= (−1)d (d − 1)(dλ − 3ρ)

0 = −ρ(d − 3)
(
∂x B(1, 0) − ∂y A(1, 0)

)
− 3(d − 1)

(
A(1, 0) + ρB(1, 0)

)
= −(d − 1)(dρμ + 3),

i.e. if and only if λ = λ0 := 3ρ
d , μ = μ0 := − 3

dρ and d �= 3, because λμ �= −1. We now

distinguish two cases according to whether or not � is invariant by Hd−1
2 (λ0, μ0).

4.1.Assume that � is invariant byHd−1
2 (λ0, μ0). Then the dual web of ��Hd−1

2 (λ0, μ0)

is flat by Theorem 3.7. Since IinvHd−1
2 (λ0,μ0)

∣∣∣
y=ρx

= ( 3
d − 1

) (
ρd − 1

)
z xd , the invari-

ance of � by Hd−1
2 (λ0, μ0) is equivalent to ρd = 1; as a consequence (ρ,λ0, μ0) ∈{(

ξ′2k, 3ξ′2k
d ,− 3

dξ′2k
)
, k = 0, . . . , d − 1

}
. Up to conjugation, (ρ,λ0, μ0) = (1, 3

d ,− 3
d );

indeed, putting ϕ(x, y) = (x, ξ′2k y) we have

ϕ∗ ((y − ξ′2k x
)
ωd−1
2

(
3ξ′2k
d ,− 3

dξ′2k
))

= ξ′2k (y − x) ωd−1
2

( 3
d ,− 3

d

)
.

4.2. Assume that � is not invariant by Hd−1
2 (λ0, μ0). Then, by Theorem 3.7 and Corol-

lary 3.20, the flatness of Leg(� � Hd−1
2 (λ0, μ0)) translates into Q(1, ρ;−ρ, 1) = 0, where

Q(x, y;−ρ, 1) =
(
μ0 − ρd−1

) ∂P

∂x
−
(
λ0ρ

d−1 + 1
) ∂P

∂ y

and
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P(x, y;−ρ, 1) =
(λ0μ0 + 1)

(
yd−1 − (ρx)d−1

)

y − ρx
= (λ0μ0 + 1)

d−2∑

i=0

ρi xi yd−2−i .

Hence Q(1, ρ; −ρ, 1) = 1
2

(
3
d − 1

) (
3
d + 1

)2
(d − 1)(d − 2)ρd−3(ρd + 1), and consequently

Leg(� � Hd−1
2 (λ0, μ0)) is flat if and only if ρd = −1, hence if and only if (ρ,λ0, μ0) ∈{(

ξ′2k+1,
3ξ′2k+1

d ,− 3
dξ′2k+1

)
, k = 0, . . . , d − 1

}
, or equivalently, if and only if, up to conju-

gation, (ρ,λ0, μ0) =
(
ξ′, 3ξ′

d ,− 3
dξ′
)
, because

ϕ∗ ((y − ξ′2k+1x
)
ωd−1
2

(
3ξ′2k+1

d ,− 3
dξ′2k+1

))
= ξ′2k (y − ξ′x

)
ωd−1
2

(
3ξ′
d ,− 3

dξ′
)

.

��
Lemma 4.3 The d-web Leg

(
� � Hd−1

3 (λ)
)
is flat if and only if one of the following cases

holds:

(i) � = L∞ and d = 3;

(ii) � = (dy + 3x = 0), d ≥ 4 and λ = (−1)d(d − 3)dd−2

3d−1 ;

(iii) � = (dy + 3x = 0) and λ = (−1)d(d + 3)dd−2

3d−1 .

Proof We have ωd−1
3 (λ) = A(x, y)dx + B(x, y)dy, where A(x, y) = xd−1 + λyd−1 and

B(x, y) = xd−1; an immediate computation leads to

IinvHd−1
3 (λ)

= z xd−1(xd−1 + xd−2y + λ yd−1)

and

ItrHd−1
3 (λ)

= yd−2.

1. Assume that � = L∞. If d = 3, then the web Leg(� � H2
3(λ)) is flat, thanks to

Corollary 3.2. For d ≥ 4, the webs Leg(Hd−1
3 (λ)) and Leg(� � Hd−1

3 (λ)) have the same
curvature (Theorem 3.1) and cannot be flat. Indeed, we have

d
(
ωd−1
3 (λ)

)∣∣∣
y=0

= (d − 1)xd−2dx ∧ dy �≡ 0;

this implies, according to [4, Theorem 3.8], that K (Leg(Hd−1
3 (λ))) cannot be holomorphic

along GHd−1
3 (λ)

({y = 0}).
2. If � = (y = 0), then the fact that d

(
ωd−1
3 (λ)

)
does not vanish on � implies, by

Corollary 3.26, that K (Leg(� � Hd−1
3 (λ))) cannot be holomorphic on GHd−1

3 (λ)
(�), so that

Leg(� � Hd−1
3 (λ)) cannot be flat.

3.Assume that � = (x−ρ y = 0),where ρ ∈ C.ByCorollary 3.17, K (Leg(��Hd−1
3 (λ)))

is holomorphic on GHd−1
3 (λ)

({y = 0}) if and only if

0 = (d − 3)
(
∂x B(1, 0) − ∂y A(1, 0)

)
+ 3(d − 1)

(
B(1, 0) + ρA(1, 0)

)
= (d − 1)(3ρ + d),

hence if and only if ρ = − d
3 , which is equivalent to � = �0 where �0 = (dy + 3x = 0).

Then we have to distinguish two cases:
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3.1. If �0 is invariant by Hd−1
3 (λ), then Theorem 3.7 ensures that the d-web Leg(�0 �

Hd−1
3 (λ)) is flat; since

IinvHd−1
3 (λ)

∣
∣∣
x=− d

3 y
= −dd−1z

( y
3

)2d−2 (
(−1)d3d−1

λ − (d − 3)dd−2
)

,

the invariance of �0 by Hd−1
3 (λ) is characterized by λ = (−1)d(d − 3)dd−2

3d−1 and d �= 3,

because λ �= 0.
3.2. Assume that �0 is not invariant by Hd−1

3 (λ). Then, according to Theorem 3.7 and
Corollary 3.20, the d-web Leg(�0 � Hd−1

3 (λ)) is flat if and only if Q(d,−3; 3, d) = 0,
where

Q(x, y; 3, d) = dd−1 ∂P

∂x
−
(
dd−1 + (−3)d−1

λ

) ∂P

∂ y

and

P(x, y; 3, d) =
λ

(
(dy)d−1 − (−3x)d−1

)

dy + 3x
= λ

d−2∑

i=0

(−3x)i (dy)d−2−i .

Thus Q(d, −3; 3, d) = − 1
6λ(d − 1)(d − 2)(3d)d−2

(
3d−1λ − (−1)d (d + 3)dd−2

)
and the flatness of

Leg(�0 � Hd−1
3 (λ)) translates into λ = (−1)d(d + 3)dd−2

3d−1 . ��
Lemmas 4.1, 4.2 and 4.3 imply the following proposition.

Proposition 4.4 LetH = � �H be a homogeneous pre-foliation of co-degree 1 and degree
d ≥ 3 on P

2
C
. Assume that deg TH = 2, or equivalently that the map GH has exactly two

critical points. Then, for d ≥ 4 the web LegH is flat if and only if H is linearly conjugate
to one of the ten following pre-foliations

1. H d
1 = L∞ � Hd−1

1 ;
2. H d

2 = {x = 0} � Hd−1
1 ;

3. H d
3 = {y − x = 0} � Hd−1

1 ;

4. H d
4 = {y − ξ x = 0} � Hd−1

1 , where ξ = exp
(

iπ
d−2

)
;

5. H d
5 = {x = 0} � Hd−1

2 (0, 0);

6. H d
6 = {dy + 3x = 0} � Hd−1

3 (λ0), where λ0 = (−1)d (d+3)dd−2

3d−1 ;

7. H d
7 = {dy + 3x = 0} � Hd−1

3 (λ1), where λ1 = (−1)d (d−3)dd−2

3d−1 ;

8. H d
8 = L∞ � Hd−1

2 (0, 0);
9. H d

9 = {y − x = 0} � Hd−1
2

( 3
d ,− 3

d

)
;

10. H d
10 = {y − ξ′ x = 0} � Hd−1

2

( 3ξ′
d ,− 3

dξ′
)
, where ξ′ = exp

( iπ
d

)
.

For d = 3 the web LegH is flat if and only if, up to linear conjugation, either H is one
of the six pre-foliations H 3

1 ,H 3
2 , . . . ,H 3

6 , or H is of one of the following two types

11. H 3
7 (λ) = L∞ � H2

3(λ), where λ ∈ C
∗;

12. H 3
8 (λ, μ) = L∞ � H2

2(λ, μ), where λ, μ ∈ C with λμ �= −1.

Combining Proposition 4.4 with the fact that every homogeneous foliation of degree 2 on P2
C

has degree of type 2, we obtain the classification, up to automorphism ofP2
C
, of homogeneous

pre-foliations of type (1, 3) on P
2
C
whose dual web is flat.
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Table 1 Types and
Camacho- Sad polynomials of
the foliationsH2

1, H
2
2(0, 0) and

H2
3(−2)

H TH CSH(λ)

H2
1 2 · R1 (λ − 1)2(λ + 1)

H2
2(0, 0) 2 · T1 (λ − 1

3 )3

H2
3(−2) 1 · R1 + 1 · T1 (λ − 1)(λ − 1

3 )(λ + 1
3 )

Corollary 4.5 Up to automorphism of P2
C
, there are six examples and two families of homo-

geneous pre-foliations of co-degree 1 and degree 3 on P
2
C
with a flat Legendre transform,

namely:

1. H 3
1 = L∞ � H2

1;
2. H 3

2 = {x = 0} � H2
1;

3. H 3
3 = {y − x = 0} � H2

1;
4. H 3

4 = {y + x = 0} � H2
1;

5. H 3
5 = {x = 0} � H2

2(0, 0);
6. H 3

6 = {y + x = 0} � H2
3(−2);

7. H 3
7 (λ) = L∞ � H2

3(λ), where λ ∈ C
∗;

8. H 3
8 (λ, μ) = L∞ � H2

2(λ, μ), where λ, μ ∈ C with λμ �= −1.

In Section §6wewill need, forH ∈ {H2
1,H2

2(0, 0),H2
3(−2)}, the values of theCamacho-

Sad indices CS(H, L∞, s), s ∈ SingH ∩ L∞. For this, we have computed, for each of
these three foliations, the following polynomial (called Camacho- Sad polynomial of the
homogeneous foliation H)

CSH(λ) =
∏

s∈SingH∩L∞
(λ − CS(H, L∞, s)).

The following table summarizes the types and the Camacho- Sad polynomials of the foli-
ations H2

1, H2
2(0, 0) and H2

3(−2).

5 Pre-foliations of co-degree 1 whose associated foliation is reduced
convex

We now give the proofs of Theorem E and Propositions F and G stated in the Introduction.

Proof of Theorem E Since by hypothesis F is reduced convex, all its singularities are non-
degenerate ( [4, Lemma 6.8]). According to [2, Lemma 2.2], the discriminant of LegF then
consists of the lines dual to the radial singularities of F . The first assertion of Lemma 2.1
therefore implies that

�(LegF ) = �̌rad
F ∪ �̌�

F .

To show that the curvature of LegF is identically zero, it suffices therefore to show that it
is holomorphic along the dual line of every point of �rad

F ∪ ��
F . Let s be an arbitrary point

of �rad
F ∪ ��

F . Denote by ν = τ(F, s) the tangency order of F with a generic line passing
through s; then ν − 1 denotes the radiality order of s, and s ∈ �rad

F if and only if ν ≥ 2,
see [4, §1.3]. By [13, Proposition 3.3], locally near the line š dual to s, we can decompose
LegF as LegF = Wν �Wd−ν−1, whereWν is an irreducible ν-web leaving š invariant and
whose discriminant �(Wν) has minimal multiplicity ν − 1 along š, and whereWd−ν−1 is a
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(d − ν − 1)-web transverse to š. Furthermore, the convexity of F implies, by an argument
of the proof of [13, Theorem 4.2], that the web Wd−ν−1 is regular near š, i.e. that through a
generic point of š pass (d − ν − 1) distinct tangent lines to Wd−ν−1.

Thus, near the line š, we have the decomposition

LegF = Leg� � Wν � Wd−ν−1. (5.1)

We now distinguish two cases:
1. If s ∈ � then š is invariant by Leg�; by applying Theorem 1 of [13] if ν = 1 and

Proposition 3.9 if ν ≥ 2, it follows that K (LegF ) is holomorphic along š.
2.Assume that s /∈ �; then s ∈ �rad

F \��
F . In this case the radial foliation Leg� is transverse

to š. From the above discussion, the (d − ν)-web Wd−ν := Leg� � Wd−ν−1 is therefore
also transverse to š and we have LegF = Wν � Wd−ν . Moreover, since � is F-invariant,
Tang(Leg�,LegF) = �̌�

F (cf. proof of Lemma 2.1); in particular, Tang(Leg�,Wd−ν−1) ⊂
�̌�

F and therefore š �⊂ Tang(Leg�,Wd−ν−1). It follows that the webWd−ν is regular near š,
because Wd−ν−1 is so. As a consequence the curvature of LegF is holomorphic along š by
applying [13, Proposition 2.6]. ��

The following proposition plays an important role in the proofs of Propositions F and G.

Proposition 5.1 Let F be a reduced convex foliation of degree d − 1 on P2
C
with d ≥ 3. Let

� be a line of P2
C
which is not invariant byF . Assume that GF (�) is equal to the dual line of a

singularity s ofF (necessarily s /∈ �) such that τ(F, s) = d−2. Then the d-web Leg(��F)

is flat.

Remark 5.2 For d = 3 (resp. d > 3), the equality τ(F, s) = d −2 means that the singularity
s of F is non-radial (resp. radial of order d − 3).

The proof of Proposition 5.1 is based on the following two results.

Theorem 5.3 Let F = � � F be a pre-foliation of co-degree 1 and degree d ≥ 3 on P
2
C
.

Assume that the foliation F is reduced convex and that the line � is not invariant by F . Then,
the curvature of LegF is holomorphic on P̌2

C
\ GF (�). In particular, the d-web LegF is flat

if and only if K (LegF ) is holomorphic along GF (�).

Proof It suffices to argue as in the proof of Theorem E. Indeed, first, the equality�(LegF) =
�̌rad

F and the second assertion of Lemma 2.1 ensure that

�(LegF ) = �̌rad
F ∪ �̌�

F ∪ GF (�).

Then, let s ∈ �rad
F ∪��

F be such that š �⊂ GF (�) and letν := τ(F, s); near the line š, thed-web
LegF can be decomposed into the form (5.1). If s ∈ �,we can argue as in the case 1. to deduce
that K (LegF ) is holomorphic along š. If s /∈ �, then š �⊂ GF (�)∪ �̌�

F = Tang(Leg�,LegF)

and we can argue as in the case 2. to deduce the same conclusion. It follows that K (LegF )

is holomorphic on
(
�̌rad

F ∪ �̌�
F
)

\GF (�) = �(LegF )\GF (�) and therefore on P̌2
C

\GF (�).

��
Proposition 5.4 LetWd−2 be a germ of (d − 2)-web on (C2, 0). Assume that �(Wd−2) has
an irreducible component C totally invariant by Wd−2. Let W2 be a germ of a 2-web on
(C2, 0) transverse to C . Then, the curvature of the d-webW = Wd−2 �W2 is holomorphic
along C if and only if the curvature of the (d − 2)-web Wd−2 is holomorphic along C .
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Proof Locally, in a neighborhood of a generic point of C, we can writeWd−2 = F1 � · · · �
Fd−2 and W2 = F ′

1 � F ′
2, where each Fi is a foliation leaving C invariant, and F ′

1 and F ′
2

are foliations transverse to C . We have

K (W) = K (Wd−2) +
d−2∑

i=1

K (Fi � W2) +
2∑

k=1

∑

1≤i< j≤d−2

K (Fi � F j � F ′
k).

Now, K (Fi � W2) and K (Fi � F j � F ′
k) are holomorphic along C by applying [13, Theo-

rem 1]. Hence, K (W) is holomorphic on C if and only if K (Wd−2) is so. ��
Proof of Proposition 5.1 According to Theorem 5.3, it suffices to prove that the curvature
of Leg(� � F) is holomorphic on GF (�) = š. By [13, Proposition 3.3] and the equality
τ(F, s) = d − 2, near the line š, we can decompose the web LegF as LegF = Wd−2 �W1,
whereWd−2 is a (d−2)-web having š as a totally invariant curve with mult(�(Wd−2), š) =
d − 3, and W1 is a foliation transverse to š. Thus, Leg(� � F) = Wd−2 � W2, where
W2 := Leg� � W1 is transverse to š, because s /∈ �. By [13, Proposition 2.6], K (Wd−2) is
holomorphic on š, and by Proposition 5.4, the same is true for K (Leg(� � F)). ��
Proof of Proposition F The Fermat foliation Fd−1

0 is given in homogeneous coordinates by
the 1-form

�
d−1
0 = xd−1(ydz − zdy) + yd−1(zdx − xdz) + zd−1(xdy − ydx).

It has the following 3(d − 1) invariant lines:

x = 0, y = 0, z = 0, y = ζk x, y = ζk z, x = ζk z,

where

k ∈ {0, . . . , d − 3} and ζ = exp( 2iπ
d−2 ).

Since the coordinates x, y and z play a symmetric role and since � is not invariant by Fd−1
0 ,

we can assume that � = {α x + β y − z = 0} with β �= 0. Then O(� � Fd−1
0 ) contains the

following homogeneous pre-foliations:

H1 = {y − α x = 0} � Hd−1
1 ,H2 = {y − β x = 0} � Hd−1

1 ,

H3 = {
x − (α + β)y = 0

}
� Hd−1

0 .

Indeed, ��Fd−1
0 is described in the affine chart z = 1 by ω = (α x + β y− 1)ωd−1

0 ; putting

ϕ1 =
(
x
y ,

ε
y

)
, ϕ2 =

(
ε
y ,

x
y

)
and ϕ3 =

(
y+ε
x ,

y
x

)
, we obtain that

lim
ε→0

ε−1yd+2ϕ∗
1ω = (y − α x)ωd−1

1 , lim
ε→0

ε−1yd+2ϕ∗
2ω = (β x − y)ωd−1

1 ,

lim
ε→0

ε−1xd+2ϕ∗
3ω =

(
(α + β)y − x

)
ωd−1
0 .

The hypothesis that Leg(��Fd−1
0 ) is flat implies that the webs LegHi (i = 1, 2, 3) are also

flat. Let us show that the flatness of LegH1 and LegH2 implies that, up to linear conjugation,

(α, β) ∈ E :=
{
(0, ξ), (1, 1), (1, ξ), (ξ, ξ)

}
, where ξ = exp

(
iπ
d−2

)
.

First of all, the d-web LegH1, resp. LegH2, is flat if and only if (cf. proof of Lemma 4.1)

α(αd−2 − 1)(αd−2 + 1) = 0, resp. (βd−2 − 1)(βd−2 + 1) = 0,
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i.e. if and only if α ∈ {0, ζk, ξζk, k = 0, . . . , d − 3}, resp. β ∈ {ζk, ξζk, k = 0, . . . , d − 3}.
If α = 0 then β �= ζk , because otherwise � would be invariant by Fd−1

0 . It follows that

(α, β) ∈
{
(0, ξζk), (ζk, ζk

′
), (ζk, ξζk

′
), (ξζk, ζk

′
), (ξζk, ξζk

′
), k, k′ = 0, . . . , d − 3

}
.

If, for k, k′ ∈ {0, . . . , d − 3},

(α, β) = (0, ξζk), resp. (α, β) ∈
{
(ζk, ζk

′
), (ζk, ξζk

′
), (ξζk, ξζk

′
)
}
,

resp.(α, β) = (ξζk, ζk
′
),

then by conjugating ω by
(
x, y

ζk

)
, resp.

(
x
ζk

,
y

ζk
′
)
, resp.

(
y
ζk

, x
ζk

′
)
, we reduce ourselves to

(α, β) = (0, ξ), resp. (α, β) ∈ {(1, 1), (1, ξ), (ξ, ξ)}, resp. (α, β) = (1, ξ). Thus, up to
conjugation, (α, β) belongs to E .

Moreover, according to Example 3.23, the flatness of LegH3 is equivalent to

0 = (α + β)
(
(α + β)d−2 − 1

)(
(α + β)d−2 − 2(d − 2)

)
=: fd(α, β).

Since

fd (0, ξ) = 2ξ(2d − 3) �= 0, fd (1, 1) = 4(2d−2 − 1)(2d−3 − d + 2) = 0 ⇐⇒ d ∈ {3, 4},
fd (ξ, ξ) = 2ξ(2d−2 + 1)(2d−2 + 2d − 4) �= 0,

fd (1, ξ) = (ξ + 1)
(
(ξ + 1)d−2 − 1

)(
(ξ + 1)d−2 − 2(d − 2)

)
= 0 ⇐⇒ d = 3,

we deduce that d ∈ {3, 4} and, up to conjugation,

(α, β) ∈ {(1, 1), (1,−1)} if d = 3 and (α, β) = (1, 1) if d = 4,

i.e., putting �1 = {x + y − z = 0} and �2 = {x − y − z = 0}, we have � ∈ {�1, �2} if d = 3
and � = �1 if d = 4.

Even in the case d = 3, we can take � = �1, because �1 � Fd−1
0 and �2 � Fd−1

0
are conjugate, via φ = [z : y : x]. Note that �1 = (s1s2s3), where s1 = [1 : 0 : 1],
s2 = [0 : 1 : 1] and s3 = [−1 : 1 : 0]: the points s1 and s2 are singular for Fd−1

0 , and
s3 ∈ SingFd−1

0 if and only if d is even; in particular the point s3 is singular for F3
0 but not

for F2
0 .

Finally, a straightforward computation shows that GF2
0
(�1) = š4 and GF3

0
(�1) = š5, where

s4 = [1 : 1 : 0] is a non-radial singularity ofF2
0 and s5 = [−1 : −1 : 1] is a radial singularity

of order 1 of F3
0 . We can then apply Proposition 5.1 to conclude that the webs Leg(�1 �F2

0 )

and Leg(�1 � F3
0 ) are flat. ��

Proof of Proposition G The Hesse foliation F4
H is described in homogeneous coordinates by

the 1-form

�4
H = yz(2 x3 − y3 − z3)dx + xz(2y3 − x3 − z3)dy + xy(2z3 − x3 − y3)dz.

Its 12 invariant lines are given by

xyz(x + y + z)(ζ x + y + z)(x + ζ y + z)(x + y + ζ z)(ζ2x + y + z)

(x + ζ2y + z)(x + y + ζ2z)(ζ2x + ζ y + z)(ζ x + ζ2y + z) = 0,
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where ζ = exp( 2iπ3 ). As above, we can assume that � = {α x + β y − z = 0} with β �= 0.
Then the closure of the Aut(P2

C
)-orbit of � � F4

H contains the following three homogeneous
pre-foliations:

H1 = {y − α x = 0} � H4
4, H2 = {y − β x = 0} � H4

4, H3 = {
a x + by = 0

}
� H4

4,

where a = α + β − 1 and b = α + ζ2β − ζ. Indeed, in the affine chart z = 1, the pre-

foliation � � F4
H is given by ω = (α x + β y − 1)ω4

H ; putting ψ1 =
(
x
y ,

ε
y

)
, ψ2 =

(
ε
y ,

x
y

)

and ψ3 =
(

x+y
x+ζ y+ε

,
x+ζ2 y
x+ζ y+ε

)
, a straightforward computation shows that

lim
ε→0

ε−1y7ψ∗
1ω = (α x − y)ω4

4, lim
ε→0

ε−1y7ψ∗
2ω = (β x − y)ω4

4,

lim
ε→0

ε−1(x + ζ y + ε)7ψ∗
3ω = −9ζ(a x + by)ω4

4.

Since the 5-web Leg(� � F4
H ) is flat by hypothesis, so are the 5-webs LegHi , i = 1, 2, 3.

Now, according to Example 3.24, for any line �0 passing through the origin, Leg(�0 � H4
4)

is flat if and only if �0 = {x = 0} or �0 = {y − ρ x = 0} with ρ(ρ3 − 1)(ρ3 + 1) = 0,
i.e. ρ ∈ E := {0, ζk,−ζk, k = 0, 1, 2}. Therefore, the flatness of LegH1 (resp. LegH2) is
equivalent to α ∈ E (resp. β ∈ E \ {0} because β �= 0). Note that (α, β) �= (−ζk,−ζk

′
), for

otherwise � would be invariant by F4
H . As a result

(α, β) ∈
{
(0, ζk), (0,−ζk), (ζk, ζk

′
), (ζk,−ζk

′
), (−ζk, ζk

′
), k, k′ = 0, 1, 2

}
.

If, for k, k′ ∈ {0, 1, 2},

(α, β) ∈
{
(0, ζk), (0,−ζk)

}
, resp.(α, β) ∈

{
(ζk, ζk

′
), (ζk,−ζk

′
)
}
,

resp.(α, β) = (−ζk, ζk
′
),

then by conjugating ω by
(
x, y

ζk

)
, resp.

(
x
ζk

,
y

ζk
′
)
, resp.

(
y
ζk

, x
ζk

′
)
, we reduce ourselves to

(α, β) ∈ {(0, 1), (0,−1)}, resp. (α, β) ∈ {(1, 1), (1,−1)}, resp. (α, β) = (1,−1). It follows
that, up to linear conjugation,

(α, β) ∈ F := {
(0, 1), (0,−1), (1, 1), (1,−1)

}
.

Now, for (α, β) ∈ F,LegH3 is flat if and only if (α, β) = (0, 1), since putting τ(α, β) = − a
b ,

we have

τ(0, 1) = 0 ∈ E, τ (0,−1) = 2 /∈ E, τ (1, 1) = ζ2

2 /∈ E, τ (1,−1) = 1
2 /∈ E .

Therefore, up to conjugation, (α, β) = (0, 1), i.e. � = �0 := {y − z = 0}; this line passes
through four singular points of F4

H , namely the points s1 = [1 : 0 : 0], s2 = [1 : 1 : 1],
s3 = [ζ : 1 : 1] and s4 = [ζ2 : 1 : 1].

Finally, it is easy to check thatGF4
H
(�0) is equal to the dual line of the point s5 = [0 : −1 : 1]

which is a radial singularity of order 2 ofF4
H . This implies, by Proposition 5.1, that the 5-web

Leg(�0 � F4
H ) is flat. ��
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6 Pre-foliations of type (1, 3)whose associated foliation has only
non-degenerate singularities

In this section, we prove Theorem H stated in the Introduction. To do this, we need two
preliminary results, the first of which holds in any degree.

Let us first recall that in §5 we have proved Propositions F and G by reducing to the
homogeneous case; in fact this argument is implicitly based on the following proposition.

Proposition 6.1 Let F = � � F be a pre-foliation of co-degree 1 and degree d ≥ 2 on
P
2
C
. Assume that the foliation F has an invariant line D and that all its singularities on D

are non-degenerate. There is a homogeneous pre-foliation H = �0 � H of co-degree 1 and
degree d on P

2
C
such that:

(i) H ∈ O(F ) and H ∈ O(F);
(ii) if � = D (resp. � �= D), then �0 = L∞ (resp. �0 �= L∞);
(iii) D is invariant by H;
(iv) SingH ∩ D = SingF ∩ D;
(v) ∀ s ∈ SingH ∩ D, μ(H, s) = 1 and CS(H, D, s) = CS(F, D, s).

If, moreover, LegF (resp. LegF) is flat, then LegH (resp. LegH) is also flat.

This proposition is an analogue for co-degree one pre-foliations of Proposition 6.4 of [4]
on foliations of P2

C
.

Proof Choose a homogeneous coordinate system [x : y : z] ∈ P
2
C
such that D = L∞ =

(z = 0). Since D is F-invariant, F is defined in the affine chart z = 1 by a 1-form ω of type

ω =
d−1∑

i=0

(Ai (x, y)dx + Bi (x, y)dy),

where Ai , Bi are homogeneous polynomials of degree i . According to [4, Proposition 6.4],
since all the singularities ofF on D are non-degenerate, the 1-formωd−1 = Ad−1(x, y)dx+
Bd−1(x, y)dy defines a homogeneous foliationH of degree d − 1 on P2

C
belonging toO(F)

and satisfying the stated properties (iii), (iv) and (v).
Now, write � = {α x + βy + γ z = 0}; in homogeneous coordinates,F , resp.H, is given

by

�d+1 = (α x + βy + γ z)
d−1∑

i=0

zd−i−1
(
Ai (x, y)(zdx − xdz) + Bi (x, y)(zdy − ydz)

)
,

resp.�d = Ad−1(x, y)(zdx − xdz) + Bd−1(x, y)(zdy − ydz).

Putting ϕ = ϕε = [ x
ε

: y
ε

: z] , we see that if (α, β) = (0, 0), resp. (α, β) �= (0, 0), then

lim
ε→0

εdγ−1ϕ∗�d+1 = z�d , resp. lim
ε→0

εd+1ϕ∗�d+1 = (α x + βy)�d .

It follows that the closure of the Aut(P2
C
)-orbit ofF contains the homogeneous pre-foliation

H = �0 � H, where �0 = L∞ if � = D and �0 = {α x + βy = 0} �= L∞ if � �= D. ��
The following technical lemma is an analogue for pre-foliations of type (1, 3) of

Lemma 6.7 of [4] on foliations of degree 3. It plays a key role in the proof of Theorem H.
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Lemma 6.2 Let F = � � F be a pre-foliation of co-degree 1 and degree 3 on P
2
C
. Assume

that the 3-web LegF is flat and that the foliation F has a non-degenerate singularity m
satisfying BB(F,m) �= 4. Then, through the point m pass exactly two F-invariant lines.

Proof The hypotheses μ(F,m) = 1 and BB(F,m) �= 4 ensure the existence of an affine
chart (x, y) of P2

C
in which m = (0, 0) and F is defined by a 1-form ω0 of type ω0 =

ω0,1 + ω0,2 + ω0,3, where

ω0,1 = λydx + μxdy, ω0,2 =
⎛

⎝
2∑

i=0

ai x
2−i yi

⎞

⎠ dx +
⎛

⎝
2∑

i=0

bi x
2−i yi

⎞

⎠ dy,

ω0,3 =
⎛

⎝
2∑

i=0

ci x
2−i yi

⎞

⎠ (xdy − ydx),

with λμ(λ + μ) �= 0.
The only lines passing throughm andwhich can be invariant byF are (x = 0) and (y = 0).

Indeed, denote by R = x ∂
∂x + y ∂

∂ y the radial vector field centered atm; if L = (ux+vy = 0)
is F-invariant, then ux + vy must divide the tangent cone Cω0,1 := ω0,1(R) = (λ + μ)xy,
so that u = 0 or v = 0.

We will show that indeed (x = 0) and (y = 0) are invariant by F, which will establish
the lemma. We have to prove that a0 = b2 = 0, since the invariance by F of (x = 0), resp.
(y = 0), is equivalent to the vanishing of b2, resp. a0.

If � = {α x + β y + γ = 0} then, in the affine chart (p, q) of P̌2
C
corresponding to the line

{y = px − q} ⊂ P
2
C
, the 3-web LegF is described by the symmetric 3-form

ω̌ = (
(γ − β q)dp + (α + β p)dq

)
ω̌0,

where

ω̌0 = μ pdpdq + (a0 + b0 p + c0q)dq2 +
(
λ dp + (a1 + b1 p + c1q)dq

)
(pdq − qdp)

+ (
a2 + b2 p + c2q

)(
pdq − qdp

)2
.

Assume by contradiction that a0 �= 0. Consider the family of automorphisms ϕ = ϕε =
(a0ε p, a0ε2q). We see that if γ �= 0, resp. γ = 0 and α �= 0, resp. γ = α = 0, then

lim
ε→0

ε−5γ−1a−4
0

ϕ∗ω̌ = θ1η, resp. lim
ε→0

ε−6α−1a−4
0

ϕ∗ω̌ = θ2η,

resp. lim
ε→0

ε−7β−1a−5
0

ϕ∗ω̌ = θ3η,

where

θ1 = dp, θ2 = dq, θ3 = pdq − qdp, η = −λ qdp2 + (λ + μ)pdpdq + dq2.

For i = 1, 2, 3, put W(i)
3 = Fi � W2, where W2 (resp. Fi ) denotes the 2-web (resp. the

foliation) defined by η (resp. by θi ). It follows that if γ �= 0, resp. γ = 0 and α �= 0, resp.
γ = α = 0, then the closure of the Aut(P̌2

C
)-orbit of LegF contains the 3-web W(1)

3 , resp.

W(2)
3 , resp.W(3)

3 .Now, since LegF is flat by hypothesis, every 3-web belonging toO(LegF )

is also flat. Therefore, to obtain a contradiction, it suffices to show that for every i = 1, 2, 3,
W(i)

3 is not flat. Since �(η) = f (p, q) := 4λ q + (λ + μ)2 p2, it suffices again to show

that for every i = 1, 2, 3, the curvature of W(i)
3 is not holomorphic along the component

C = { f (p, q) = 0} ⊂ �(W2), which is a parabola, because λ(λ + μ) �= 0.
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First of all, let us note that C is not invariant byW2, since putting η0 = (λ+μ)pdp+2dq,

we have

η
∣
∣C =

(
η0

2

)2

and η0 ∧ d f = −4μ(λ + μ)pdp ∧ dq �≡ 0.

Let us consider the case where i ∈ {1, 2}. Since
η0 ∧ θ1

∣
∣
∣C

= −2dp ∧ dq �≡ 0 and η0 ∧ θ2

∣
∣
∣C

= (λ + μ)pdp ∧ dq �≡ 0,

we have C �⊂ Tang(W2,Fi ). Therefore, according to [13, Theorem 1] (cf. [2, Theorem 1.1]),
the curvature K (W(i)

3 ) is holomorphic on C if and only if C is invariant by Fi , which is
impossible, because each Fi is a pencil of lines and hence cannot admit a parabola as an
invariant curve.

Let us now examine the case where i = 3. In this case C ⊂ Tang(W2,F3) if and only if
λ = μ, because

η0 ∧ θ3

∣
∣
∣C

= 1

2λ
(λ − μ)(λ + μ)p2dp ∧ dq ≡ 0 ⇐⇒ λ = μ.

If λ �= μ, then, as above, we can apply Theorem 1 of [13] and assert that K (W(3)
3 ) cannot

be holomorphic on C.

We therefore assume that λ = μ and prove that K (W(3)
3 ) �≡ 0. The pull-back of W(3)

3

by the rational map ψ(p, q) = (
p, μ(q2 − p2)

)
writes as ψ∗W(3)

3 = F (1)
3 � F (2)

3 � F (3)
3 ,

where

F (1)
3 : (p2 + q2)dp − 2pqdq = 0,F (2)

3 : (p + q)dp − 2qdq = 0,

F (3)
3 : (p − q)dp − 2qdq = 0.

Using formula (1.1), a direct computation leads to

η(ψ∗W(3)
3 ) = − pdp

q2
+ 4dq

q
+ d(p2 − q2)

p2 − q2
,

so that

K (ψ∗W(3)
3 ) = dη(ψ∗W(3)

3 ) = −2p

q3
dp ∧ dq �≡ 0,

hence ψ∗K (W(3)
3 ) = K (ψ∗W(3)

3 ) �≡ 0 and therefore K (W(3)
3 ) �≡ 0.

We have thus shown that a0 = 0, which means that the line (y = 0) is invariant by F .
Exchanging the roles of the coordinates x and y, the same argument shows that b2 = 0, i.e.
that the line (x = 0) is also invariant by F . ��

Before starting the proof of Theorem H, let us recall (cf. [8]) that if F is a foliation of
degree d on P

2
C
then

∑

s∈SingF
μ(F, s) = d2 + d + 1 and

∑

s∈SingF
BB(F, s) = (d + 2)2. (6.1)

Proof of TheoremH Write SingF = �1 ∪ �2, where

�1 = {s ∈ SingF : BB(F, s) = 4} and �2 = SingF \ �1.
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For i = 1, 2, put κi = #�i . By hypothesis, we have degF = 2 and, for any s ∈ SingF ,
μ(F, s) = 1. Formulas (6.1) then give

# SingF = κ1 + κ2 = 7 and 4κ1 +
∑

s∈�2

BB(F, s) = 16. (6.2)

It follows that �2 is non-empty. Let m be a point of �2; by Lemma 6.2 through the point
m pass exactly two F-invariant lines D(1)

m and D(2)
m . Then, for i = 1, 2, Proposition 6.1

ensures the existence of a homogeneous pre-foliation H
(i)
m = �

(i)
m � H(i)

m of type (1, 3) on
P
2
C
belonging to O(F ) and such that the line D(i)

m is H(i)
m -invariant. Since LegF is flat by

hypothesis, so are LegH (1)
m and LegH (2)

m . Therefore, H (i)
m (i = 1, 2) is linearly conjugate

to one of the eight models of Corollary 4.5. For i = 1, 2, Proposition 6.1 also ensures that

(a) if � �= D(i)
m , then �

(i)
m �= L∞;

(b) SingF ∩ D(i)
m = SingH(i)

m ∩ D(i)
m ;

(c) ∀ s ∈ SingH(i)
m ∩ D(i)

m , μ(H(i)
m , s) = 1 and CS(H(i)

m , D(i)
m , s) = CS(F, D(i)

m , s).

Since CS(F, D(1)
m ,m)CS(F, D(2)

m ,m) = 1, we have

CS(H(1)
m , D(1)

m ,m)CS(H(2)
m , D(2)

m ,m) = 1. (6.3)

Let us first assume that � �= D(i)
m for i = 1, 2; this is obviously the case if � is not invariant by

F . Then, by (a), we have �
(i)
m �= L∞ for i = 1, 2. Therefore, each of theH (i)

m is conjugate to
one of the five pre-foliations H 3

j , j = 2, . . . , 6, so that each of the H(i)
m is conjugate to one

of the three foliations H2
1, H2

2(0, 0), H2
3(−2) (Corollary 4.5). Consulting Table 1 and using

equality (6.3) as well as relations (b) and (c), we see that

CS(H(1)
m , D(1)

m ,m) = CS(H(2)
m , D(2)

m ,m) = −1, # (�1 ∩ D(1)
m ) = # (�1 ∩ D(2)

m ) = 2,

�2 ∩ D(1)
m = �2 ∩ D(2)

m = {m}. (6.4)

Let us now assume that the line � is equal to one of the lines D(i)
m , say � = D(2)

m . Let us show
that equalities (6.4) still hold. Since � �= D(1)

m , H(1)
m is conjugate to one of the foliations H2

1,

H2
2(0, 0),H2

3(−2).Moreover�2∩D(1)
m = {m}; indeed, if�2∩D(1)

m contained another point

m′ �= m, we would have � �= D(i)
m′ for i = 1, 2, so that {m′} = �2 ∩ D(i)

m′ = �2 ∩ D(1)
m ⊃

{m,m′}, which is impossible. From Table 1, we deduce that

CS(H(1)
m , D(1)

m ,m) = CS(H(2)
m , �,m) = −1 and #(�1 ∩ D(1)

m ) = 2,

hence

CS(F, D(1)
m ,m) = CS(F, �,m) = −1.

Since these equalities are valid for any choice of m ∈ �2 ∩ � and since every line of P2
C

cannot contain more than degF + 1 = 3 singular points of F, the Camacho-Sad formula
(see [10])

∑
s∈SingF∩� CS(F, �, s) = 1 implies that

# (�1 ∩ �) = 2 and �2 ∩ � = {m}.
Equalities (6.4) are thus established in all cases. It follows in particular that BB(F,m) = 0.
The pointm ∈ �2 being arbitrary,�2 consists of s ∈ SingF such that BB(F, s) = 0. System
(6.2) then rewrites as κ1 +κ2 = 7 and 4κ1 = 16,whose unique solution is (κ1, κ2) = (4, 3),
that is SingF = �1∪�2, #�1 = 4 and #�2 = 3. Since�2∩ (D(1)

m ∪D(2)
m ) = {m},F
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has 3 · 2 = 6 invariant lines, which means that F is reduced convex. It then follows from the
classification of convex foliations of degree two (cf. [11, Proposition 7.4] or [5, Theorem A])
that F is linearly conjugate to the Fermat foliation F2

0 . We conclude by noting that if
the line � is not invariant by F , the flatness of LegF and Proposition F imply that � must
join two non-radial singularities of F . ��
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