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Introduction

RIF or RII?

1.2+
1+35,

* RIl

» Desired frequency response
with very few poles and zeros
® Risk of instability (recursion)

w
o
-

Amplitude

* RIF

v'Still stable

v'Possibility of having a constant group delay

® No poles outside zeros (long impulse response)

Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz
http.//perso.usthb.dz/~akourgli/

1.4

N
I

©
®
T

©
o
7

©
N
T

©
N
T

o

\/r\/\MﬂW—F

0

r r
0.2 0.4 0.6 0.8 1 1.2
Bande passante Bande de transition Bande atténuée

I
1.4



Introduction

1.Definition of Filter Characteristics (Desired frequency response or impulse response ).

2.Determination of its coefficients (Best approximation respecting constraints of stability,
speed, precision, linear phase shift, etc.).

3.Computer and/or electronic realization of the filter.

How ???
v’ Direct approach
v'Indirect approach

(1)
“® Analog system H , !

7 (p) —

y(t)
CNA —>

x(t)

Anti-aliasing Digital system H(z)

filter CAN
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Introduction

v'Ideal Filter

M()
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0.005

Réponse impulsionnelle h(n)

-0.005

_fc
v'Real Causal Filter

[ [cre2mirm

2fc
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t(s)

sinc(2fc(t = To))

—) -oo t0o +oo |nfinite = Limit
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Introduction

Real Filter |

TF 1

H(f) idéal
;
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Introduction

Real Filter: Truncation on NTe points in the time domain = Convolution with sinc which
vanishes every 1/ NTe = fe /N in the frequency domain

0.06 [ [ [ [ [ T [ [ [

0.04

1

0.02 -
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Introduction

L]

Real Filter: Truncation on NTe points in the time domain = Convolution with sinc which
vanishes every 1/ NTe = fe /N in the frequency domain
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Introduction

Filter specifications

-
H

" The bandwidth fromOto f, [H() |

1+5,

-
N
1

N

= The attenuated band (or cut BA) of f, _uptof /2

;I_\
[e7]
-

o
o)

= The gain of the filter in the passband.

Amplitude
o
(o]

* ThewidthAf=f - f  from the transition zone

o
~

Fo=f *Af/2=(f +f ) ]2 ,
= The amplitude of the bandwidth oscillations ) T AR 08 1 12 14
Bande passante Bande de transition Bande atténuée
6,= A =20log(1+3,)
= The amplitude of the attenuated band ripples 6 ,= A, =-20log(3 ,)
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1. FIR Filters Design

RIF: y(n) = Xi55 bix(n — i) H(z) = N1 hz—i =2 [T, (z-2))

7N

A RIF filter has a polynomial (non-rational) transfer function, it cannot be obtained by
transposition of an analog filter.

v'H(f) 2 TFTD -t - h(n) (window method)

v'H(f) = Frequency sampling H(k) 2 TFD -1 = h(n).

v'Other methods (iterative, optimization)
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1. FIR Filters Design: Window Method

u....-c....

A M(f)
RIF: y(n) = Xi5o bx(n — i)
VH(f) > TFTD 1 = h(n)
- fc fc

1 fel2
h) == [ H(P) eI ed

fe

—fC/Z

h(n) _ 1 f eanfnTedf — [eanfnTe fe

fe i 2njnT, fe ~Je
h(n) = ﬁ e2mifcnTe _ o Z”JfC"Te]- —sin( 2nfenT,)= 2f.Tesinc(2fnT,)
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1. FIR Filters Design: Window method

M(f)
We posef, = f:;Z = 2f.T,
h(n) = 2f.Tesinc (2f,nT,) = f.sinc(nf,) F P
-JC C

>High pass 2 H,(f) =1 —H,(f)=> h(n) = 8(n) — f.sinc(nf,)

M(f)
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1. FIR Filters Design: Window method

A M(f)
We posef, = Je _ 2f.T
© fel2 ©
h(n) = 2f.T,sinc (2f.nT,) = f.sinc(nf,) fe, e fer o fe,

>High pass 2 H,(f) =1 —H,(f)=> h(n) = 8(n) — f.sinc(nf,)
»Band pass 2 Hpq(f) = Hpo(f) — Hp1 (f)>  h(n) = fasinc(nfy) — fosine(nf,)

»>Stop band 2 Hy(f) = 1 — Hpa(f) 2 h(n) = 6(n) — feosinc(nfyy) + fesinc(nfey)
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1. FIR Filters Design: Window method

h(n) = 2f Tysinc (2f.nT,) = f.sinc(nf;) -o0 t0 +o0 Infinite = Limit

v Limit the number of samples of (1) to N

| =h
h' y(m)=h(n).wmn |
Module du Filtre

| — N=17

W Reéponse impulsionnelle du Filtre L2 - N=37

E 0.2 - m — N=57

@ 1.0 1

=2 0.0

2

-

£ —0.2 1

3 ' ' . : ' 0.8
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v'Shift the response by N/2 to make it causal
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0 ailleurs

1. FIR Filters Design: Window method
. on:
p) 3 1
v'Using other windows
| —
h' y(m)=h(n).wn)
14 L L L L L L L L L L L ‘L \ 4 ‘}
Passe-bande avec Fen Rectangulaire (N=51)
10l Passe-bande avec Fen Hanning (N=51) i
- Passe-bande avec Fen Rectangulaire (N=91)
1 x@@ < /lv/ y
\ N_1 1.8/N 21
08l | W ()= 1 pour |n| <
0 ailleurs
— 6.2/N 44
0.6 ) 0.5+0.5cos( 27 ) pour |n| < Nl /
WHan (n): N_l 2
0 ailleurs
0.4~ - —
0.54 +0.46 cos( 2 ) pour |n| < V-l el >3
Wiam ()= N-1 2
0.2 i 0 ailleurs
_ 11/N 74
| 042+ 0.5 052" +0.08 cos(=%) pour |n|sM /
A WY r r r r r V A Wyaer (1) = N-1 N-1 2

0 200 400 600 800 1000 1200 1400 1600 1800 2000
fc1=500 fc2=1500 fe=4000Hz

d,=>A b =20log(1+ 6 ,
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1. FIR Filters Design: Window method

Example: We want to synthesize a low-pass filter with cutoff frequency fc = fe /10 with Af = fe /5
and an attenuated band ripple > 50 db

1.Normalize frequencies
= fc /(fe/2) = fc=0.2
" Af/(fe/2) = Af=04

h(n) = fc.sinc(nf.) = 0.2sinc(0.2n)

1.8/N

1 our |n| <
Wi ()= Howr Il <=3
0 ailleurs

1 2/N

N —|

0.5 +0.5cos( 271 -) pour |n| < N =
WHtm (n): 2
0 ailleurs

— 6.6/N
0.54+0.46cos(=2"L) pour In| < V-1 J
Wirtam (1) = N-1 2

0 ailleurs

2.Window selection based on
Permissible ripple in attenuated band
Hamming = Determination of N: N=6.6/ Af =16.5 we take N=17

47m1) pour |n| < N2—1 1N

N N

0.42+ 0.5 cos(=2Z) +0.08 cos(
Water (1) = -1
0 ailleurs

3.Calculation of %', (n)=0.2sinc(0.2n) 0.54+0.46cos(21—7;")} for-8<n<8
4.Shift the indices n by 8 to have a causal impulse response
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1. FIR Filters Design: Window method

Example: We want to synthesize a low-pass filter with cutoff frequency fc = fe /10 with Af = fe /5
and an attenuated band ripplﬁe >50db

1 10 o
@ Q 1.4 T T T T T T T T T
0.3 i ‘ L 0.5 3 Passe-bas avec Fen Rectangulaire (N=17)
—= Réponse impusionnelle h(n) . d 1oL — Passe-bas avec Fen Hamming (N=17)
0.25 — Réponse impusionnelle h'(n)l  § o [ (T S — Passe-bas idéal
0.2} T o . ] e i
o) G o o}
0.15+ 1 Ak o— g @ 0.8 i
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1. FIR Filters Design: Window method

Types of Filters

04

TYPE | IMPULSE RESPONSE

o3

oz

-y
o 2

|

8 10 12

4] z

4 L] e 10 12

TYPE Il IMPULSE RESPONSE
0.4

03

0z

01

4]

01

Typel(odd N)= H(f) = Zg;g bne—ZﬂjfnTe

. 2

. N—-1
| | ‘ | ‘ | H(f) = bo + bye™*™/Te + - bMe_zn]fTTe+...+ble—2”ff(N—2)Te + bye 2 (N-DT

= H(f) = —omjfNir, N-1
f) = 2e 2 ¢(bg cos(2nf —=T,) + by cos(...) + -+ ... +b-1)2)

TYPE IV IMPULSE RESPONSE

03

0z

H(f) = 2™/ W=D Te(p, cos(nf (N — 1)T,) + by cos(...) + - ... +0.5by_1),2)

.J!‘|‘_.

Example

o 2 P P T 10 1z H(f) — bO + ble—ZTL'jfTe + b23_4njfTe + ble—67l'jfTe + boe—87l'jfTe

https://cnx.org/contents/1prPUN_Y@4.38:5cWn0Ou94@3/Zero-Locations-of-Linear-Phase-FIR-Filters

H(f) = e 4™/ Te(pye*™/Te + b e2™/Te + b, + by e~ 2™/ Te + p =4l Te)

H(f) = 2e 4™/ Te(bycos 4nfT,+ bycos 2mfT,+
0.5 b,)
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1. FIR Filters Design: Window method

Types of Filters

TYPE | IMPULSE RESPONSE

04

o3

?,JHM

01

10 12

TYPE Il IMPULSE RESPONSE
0.4

03

0z

01

4]

01

|
\||M

10 12

TYPE Il MPULSE RESPONSE
o3 I I I I I I I

oz

o ‘ |

4] z 4 L] e 10 12

https://cnx.org/contents/1prPUN Y@4.38:ScWn0Ou94@3/Zero-Locations-of-Linear-Phase-FIR-Filters

TYPE IV IMPULSE RESPONSE

03

0z
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10 12

Type Il (Neven) = H(f) = YXNZlb,e~2m/nTe
H(f) = by + ble—Z”ffTe 4 .. +___+ble—27fjf(N—2)Te + boe—zm'f(N—l)Te
ComifNTly
H(f) = 2e ™27 e (b, cos(nfNT,) + by cos(...) +..+by_, cos(...))
2

H(f) = 2e7/WN=DTe (b cos(f (N — DT,) + by cos(...) +..+by__ cos(...))

Example
H(f) = by + bye 2™/ Te + p g4I Te 4 p e =6/ Te

H(f) = e 38 Te(pye3™fTe 4+ pe™/Te + p e~ ™I Te 4 pe =37/ Te)
H(f) = 2e 3"/ Te(bycos 3mfT,+ bycostfT,)

31 .
H(%) = 2e 2’ (bgcos3m /2+ by cosm /2)

18
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1. FIR Filters Design: Window method

Types of Filters
0;I"YPEIII\:"IPULSE RESPONSE UIYPEIIIMPULSE RESPOMNSE
02 Type lll (odd N)= H(f) = XN-1 b, e 2T MTe
0'; o ‘ ‘ | | ‘ . 0: ] | ‘ | ‘ e ]—I(f) — bo — ble—anfTe O A | S ble—anf(N—Z)Te _ boe—anf(N—l)Te
01 01 . N—1
0 7 4 & & 10 12 a z 4 8 8 w1z . . _Zn-Jf_Te . E . ] . .
TYPE Il MPULSE RESPONSE TYPE IV IMPULSE RESPONSE H(f) — 2]6 2 (bo Sln(znf 2 Te) bl Sln(".) + + )
8 N H()=0
o | ‘ ‘ . | ‘ ‘ Example
- - H(f) = by — bye 2™/ Te + 0 + bye 6™/ Te — pye =87/ Te

4] z 4 L] e 10 12 4] 2 4 3] £ 10 12

ero-Locations-of-Linear-Phase-FIR-Filters H (f) - e _47T]fTe (bo e4'7T]fTe —_— bl e Zﬂ]fTe + bl e _ZﬂJfTe J— bO e _4'77:]fTe)

H(f) = 2j e 4™/ Te(bysin4nfT, — bysin2nfT,)

H(%) = 2je=2™ (b, sin 2m+ b, sinm)=0
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1. FIR Filters Design: Window method

Types of Filters

0;I—‘YF’E | IMPULSE RESPONSE 0:I;“I"F’E I IMPULSE RESPONSE

o3 Type VI (N even)= H(f) = XN_3 b,e 2™/ nTe

\m\ \|HM o2 g -

of v I of o . H(f) = 2je 2 "¢(bysin(mf(N — 1)T,) — by sin(nf (N — 2)T,) + --+ — -+ + -
TYPE Il IMPULSE RESPONSE TYPE IV IMPULSE RESPONSE

; ; H(0) = 0
o | ‘ ‘ o | ‘ ‘ Example
jz S jj o H(f) — bO _ ble—ZTEjfTe +b1 e—47l'jfTe _ boe—67l'jfTe

https://cnx.org/contents/1prPUN_Y@4.38:ScWn0u94 @3/ Sensnisesiimemsinsmsmmiinmoniiniomsmmm— H(f) —e —371'jfTe (boe?,n'jfTe _ blen’jfTe + ble —njfTe _ boe —31'[jfTe)

H(f) = 2j e *"fTe(bysin 3nfT, — bysinmfT,)
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Types of Filters

1. FIR Filters Design: Window method

USTHB

[y me——— Technclages

TYPE | IMPULSE RESPONSE
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1. FIR Filters Design: Window method

Types of Filters
v'Type | filter is the most commonly used

v'The type Il filter has a zero at -1 (number of zeros is odd so distribution of zeros in

conjugate pairs + a zero at fe /2 since a sum of cosines), it cannot therefore be used for a
high-pass or a band-stop.

v'Type Il (odd N) and IV (even N) filters allow to obtain an anti-symmetric impulse
response with linear phase shift as well (sum of sines instead of cosines).

They both have zeros at 1 (sin at f=0 is zero), so their use is not suitable for low-pass filters.
In addition, the type lll filter also has a 0 at -1, so it can only be used for a bandpass.
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2. Rl Filters Design

v'Possibility to obtain a narrow transition band for a reasonable order,
v'Risk of instability due to high numerical sensitivity of the coefficients,

v'Strongly nonlinear phase variation.

N M Zbl. .z
y(”)zzbix(n_i)_zaiy(”_i) — H()=—"
i=0 i=1 1+ Zai .z

How ???
v’ Direct approach (placement of poles and zeros)
* Indirect approach (Synthesis of an analog filter H , (p) = p= fct (z) > H(z)

Impulse Invariance and Bilinear Transformation)

t
@ Analog system H , v

— (p) —

x(t)

Anti-aliasing Digital system H(z) y()

filter

CAN
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2. RIl Filters Design : Indirect Methods

Synthesize a recursive digital filter from an
analog filter taken as a model:

H , (p) = p=fct (z2)>H(z)

v'the filter must have an imposed impulse or
step response: these are the methods of
impulse invariance and step invariance.

v'the filter must have a frequency response
falling within a given template: this is the
bilinear transformation .
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Specification
Gabarit analogique

Normalisation

Gabarit normalisé 4@(&& du filtre

Approximation de H(p)

(Butterworth, CI

Types de filtre
HNonn(p)
Dénormalisation
H(p)

Filtrage numérique

Filtrage analogique

Transformation

p=1(z)
invariance impulsionnelle,
bilinéaire

Choix d'une structure
Rauch, Sallien-Key,
Biquadratique

24
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2. RIl Filters Design : Indirect Methods

Reminders on analog filters
To design an analog filter:

v'Use passive filters by combining resistors, capacitors and/or coils.

R IERE

Ve S— Ve ET C — TVS

https://les-electroniciens.com/sites/default/files/cours/filtrage analogue.pdf

v'Use active filters with an amplifying element (transistor, AlL, etc.)

RZ R2

| S|

C

N C
1 Lo I ™
R 3
= 1 _:
——
+ ——
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2. RIl Filters Design : Indirect Methods

Reminders on analog filters
Notes B

From a few hundred MHz, all components (including wires or printed circuits) have non-
negligible inductances and capacitances at these frequencies and are part of the filter 2
low-pass .

v'Passive filters (L,C, quartz, etc. ) are used for high frequencies

v'integrated linear amplifiers (ALI) limited to 1Mhz or switched capacitor filters (integrated
R and C, ALI, MOS controlled switch) have programmable frequencies (<10 Mhz)

v'digital filters are limited to frequencies < 100MHz
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2. RIl Filters Design : Indirect Methods

Reminders on analog filters

Fncrmd wra

A set of analog filters tested and proven for their properties in terms of attenuation slope and

ripple in the passband and attenuated

Butterworth : Not very steep cutoff but constant gain in band
Passing, quasi-linear phase shift

Chebyshev : Significant cutting stiffness but
N ripples in the passband (Cheb 1) or attenuated (Cheb II)

Cauer (also called elliptical): Extremely steep cut but
ripples in the bandwidth and Attenuated.

Bessel : Aimost constant group delay but bad
selectivity even for high order
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2. RIl Filters Design : Indirect Methods

Reminders on analog filters

Butterworth : the amplitude response is maximally flat in the bandwidth and monotonically decreasing from
a certain frequency (cutoff frequency)

|H(a))| — 1 ‘H(a))‘ _ 1 Ordre du filtre |Dénominateur (le numérateur est a 1)
2N 2N 5
w @ 2 p+V2p+1
1+ I+er) — 3 (P*+p+1)(p+1)
a)C a)C
4 (p*+1.8477p+1)(p*+0.7653p+1)
Aa Ap
Aa log (10W_1)/(10ﬁ_1) 5 (p°+1.6180p+1)(p°+0.6180 p+1)(p+1)
10 __
log| 10 1 N >= 6 (p*+1.9318p+1)(p*+V2 p+1)(p°+0.5176p +1)
> 2log(w, / @
2log(w, / ®,) gle,/o,)
Filtre de Butterworth
1.4 : . : : : ,
MN=1 30001 « = —
12t I Ejg N ' Lo
w, = [w,w,cut-off pulse and 2 T 1
4p Z L 1000¢ < os XX
& = 4/ 1010 — 1Design parameter setting the 3 < x B o
tol in bandwidthd; = 1 — — : ] E—— M5 oo e b
olerance in bandwi =1- ® 2 . - x
1 Vi+e3 o L LS oaln X
E -2000 y At
3000 * 5 e
Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz o) - s : o —— - : L
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2. Rl Filters Design

Reminders on analog filters

Chebyshev : Significant cutoff stiffness but ripples in the bandwidth ( Chebyshev 1) or attenuated (

Indirect Methods

Dénominateur (le numérateur est & 1)

e=1

0.9070 p*+0.9956 p+1

(1.0058 p°+0.497 p+1)(2.023 p+1)

(1.0136 p>+0.2828 p+1)(3.5791 p*+2.4113 p+1)

(2.3293 p*+1.0911 p+1)(1.0118 p*+0.1610 p+1)(3.454p+1)

Chebyshev 2)
|H(a))1: ! T ( )_ COS[N.arcos(x)] pour OS‘x‘Sl Ordre du filtre
\/1+82'T/\?(wj VA= cosh[N.arcosh(x)] pour x| >1 2
a)C
Aa Ap Aa Ap :
Gl Gl

N =

Ap
—IJ—I log| 2. 1020 1010 —1 °

log( / @ +\/ /a))2 )
arcosh(x)zln(x+\/x2—1) x=>1

~log( /@ +\/ /a))Z j

Filtre dThbyh vy |

1 [

=]
@
-1

3000} 3

2000

Aa Ap

arg cosh[ 101

—~1)/(10% —1)

|

N >=
argcosh(o, /w,)

Module de la réponse en fréquence
[=]

o

o Y
T
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2. RIl Filters Design : Indirect Methods

Reminders on analog filters

Butterworth :

(o) =

o\ 1+&%| —
1+ —
a)C
Chebyshev :
1
H (o) =
@
1+&> T3 —
a)C

cos[N.arcos(x)] pour OSMSI
cosh[N.arcosh(x)] pour ‘x‘Zl

TN('X):
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Module de |a réponse en fréquence

Module de la réponse en fréquence

Filtre de Butterworth

14
M=1
— — N=2
tee oo M=10

(=1
=)

=
@

=
.
T

o
%]
T

1 1 - A L
0 0.5 1 15 2 25

358
Pulsation normalisée
Filtre de Tchebychev |
1 T T
U 1 1 tel L 1 A 1
0 0.5 1 15 2 25 3 35

Pulsation normalisée

Imaginary Part
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2. RIl Filters Design : Indirect Methods

Denormalization

H , (p) of polynomial analog filters ( Butterworth , Chebyshev, Bessel , Cauer , etc.) are
given for normalized cutoff frequencies and only for low pass filters

Spécification
Gabarit analogique

Low pass Bandpass

Normalisation
l{ p o
— _ A
p — p / a)A P=—|—"— +— Gabarit normalisé 4Edre du filtre
Blw, p

Approximation de H(p)

High pass Tape cutter -
- }’pES & Iiire
|: 1 [ p (0] 4 ]i| 1 HNOIm[ip) ‘—Elﬁerworth Chebyshev,. )

B

p = a)A / p P = —+t— Dénormalisation
w, p

H(p)

B= (COA2 ~ a)Al) W,y =70 0, | | l

Filtrage numérique Filtrage analogique
|

Tlans;‘{_)ﬁ[ganon Choix d une structure
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Unwepruis den 3o oG
R

Objective : To best match the analog and digital domains
Analog filter H(p) = Digital filter H(z) with z= e 2"ifTe = ¢ PTe = p=[n(z)/Te .

Nonlinear relationship between analog frequencies f , and digital frequencies f
- Approximation of In(z) to preserve the polynomial character of H(z)

an approximation of In(z) by Laurent series:

: S (1=, 1f1=2" T (1= In(z) 21-z"' 2z-1
n(z) = 1+z! +§ 1+z" +§ 1+z" T — P T, T, l+z! T, z+1

In(z) 2™ -1 2™ (™ —e ™) 2 jsin(w,T,/2)
)

p = ]a)A = = — 5 — -
Te Te ]a)NT +1 T ja)NTe/2(e]a)NTe/2 +e joyT, /2 ]—; COS(CONT;/z)
2 oy T, 2 T [y
) D, = ? tg T = ? tg f
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v From the digital filter specifications, calculate the analog pulsation

2
T

e

oy T,
W, =—1Ig T g

”fNj
/.

v'Determine the template of the analog filter H  (p) normalized to order n.

v Denormalize the filter according to ® A2 H(p)

v'H(p)=2H(z)=H(p) where

p:

In(z) _

21-z" B

2 z—1

T

e

T 1+z"

T z+1
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2. RIl Filters Design : Bilinear transformation method

Note : Distortion on the frequency axis

_________________________________________________

2 ) 2
®, = —tg( O j = tg(ﬂfN] 7777777777 : *

e\ 2 ) el r
e e e E
¢ « ; 5 E ; H ; F
a pente = 1 b F 9/4 ﬁ.: 9/2
/ f
7 £.12 £ /2
e e n

O\

https://perso.esiee.fr/~venardo/doc/FiltresNumeriques.pdf
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2. RIl Filters Design : Bilinear transformation method

Example 1 : We want to design a first-order digital low-pass filter from a transfer function of an RC
filter in the continuous domain (H  (p) = 1/(1 + p)). The desired cutoff frequency is f = 30 Hz and
the sampling frequency is f ,= 150 Hz

_ 2 oy T, _ 2 T fy ) —3 T _3
v’ Calculation of C‘)A_ng( 7 j—ng£ j @A—T 5% 5 =7 0.7265

e e f‘e e e 2
—0.7265
v lize the i d > H(p)=— O L
Denormalize the filter according to ® = = =
& A 0+p),p, PHO, p +;O.7265
- 07265 0.7265(z +1) 0.7265(z +1)
: i : z+ : zZ+
v'Determine H(z)=H(p)| 2:1= - _
e 2z-1 2 (z—=1)+0.7265(z+1) 1.7265z-0.2735
¢ — +—0.7265
T, z+1 T,
2 T\ f
I = to| — |==20.7265=34.69 = f,, =30
Noticed S T ) g(sj _ Sy
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Example 2 : We want to create a second-order low-pass digital filter with the following
characteristics: cut-off frequency f ,, = 500 Hz (gain of 1), sampling frequency f .= 5 kHz,

v'Calculation of
2 (o, 2 T 2
w,=—1Ig =—tg| — |=—0.325
T, 2 T, °\10) T,
v Denormalize 1o s 7f‘20.0114
. . w
H,(p)=— 01075 1:>H(p)=HN(p=p/wA)= ol : = 7 2
v'Determine 00114 oiia e e
H(z)=H(p)|, 2:1= ; : RV ' |
T, z+1 — — zZ— zZ—
2z-1 +£0.035£Z 1.;.42()_1()56 ( j +0.035 +0.1056
T, z+1 T, T z+1 T, z+1 z+1
H(z) = 0.0114(z +1)’ ~ 0.0114(z +1)’
(z—=1) +0.035(z=1)(z+1)+0.1056(z +1)°  1.14z> —1.7888z+1.0706
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3. Multi-rate filtering

Y82 —

man sl

Example : Synthesize a low-pass filter with the following specifications: fp =100Hz fa

=300Hz Ag >50db fe =20kHz.

N —1
pour ‘n‘ < >

Hamming = N=331 WR"'("):{L —_—

0.5+0.5c05(=2"%) pour In| < N1
W () = N -1 2

0 ailleurs

0.54+0.46 cos(=2ZL) pour In| < N1
W o () = 2

N -1
0 ailleurs

0.42+ 0.5 cos(=2Z) +0.08 cos(— "
Witaer (1) = N -1 N -1

0 ailleurs

) pour ‘n‘ <

Filter occupies a small portion of the bandwidth (low pass with fc = 1% (fe ) .

Downsample and then upsample without loss of information.
= Take fe '= fe /25 =800Hz = N=15 << 331 = Faster filter.
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3. Multi-rate filtering

Example : Synthesize a low-pass filter with the following specifications: fp =100Hz fa
=300Hz Aa >50db fe =20kHz.

O.O= 1.0
LTl
5
oD
T T T OO T T T T T
e ] D = 'D-l:l ] L e ] — D1 Oy — SO0 (] SOOI o e T
.2 — L.y —
.=
D i —
T T T T =Rl T T T
O O O D S [ e ] O O1 S — SO0 (] SO
OS] -
o
o. 25 —
.= —
oD
T T T OO T T T T T
O OO D= L T e L e —= — 200 L.} = e RN

* Principle of filter banks: Divide the bandwidth into several narrow-band filters,
therefore filters that can be easily decimated = a time saving.
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3. Multi-rate filtering

Example : Interpolation before digital-to-analog conversion
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3. Multi-rate filtering

Examples of multi-cadence systems

* Audio applications where multiple sampling frequencies coexist: 32kHz (broadcast);
44.1kHz ( digital compact disc); 48kHz (digital soundtrack); 96kHz

* Processing chain corresponding to the baseband transmitter of a QPSK modulator
where there are three processing frequencies: the bit frequency, the symbol frequency
and the sampling frequency

Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz
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3. Multi-rate filtering

Examples of multi-cadence systems

250kb/s 250kb/s 62.5 ksym/s 2 Mb/s | Mb/s 4 Mé/s
. . Conversion ;
Transmission des C‘.m ) ion bit- | symbole-chip = Modulateur | : :mm '_1) Vers
R | : S Impuisior CNA
domnées | [134] [32chipi/symbol 0-QPSK 3 U‘"‘P‘M o) >
——— A * W% 4 Mé/s
° Transmetteur en bande de base Ré-échantillonnage
(4x , 6x, 8x) AY
250kb/s 250 kb/s 62.5 ksym/s 2 Mb/s 1 Mb/s
Conversion l
. Conversion : L_
Réception dg K__ ! 0 L(— chip-symbole Démodulateur De
paralitie-aérie Vi €t CAN
o e i __J_lnwml m Q
e ——— *
1 Mb/s

Récepteur en bande de base
Faculty
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3. Multi-rate filtering

* Low-pass filtering = f . __decreases

max

* Modulation = f __ increases

max
Interest in changing frequency

v Adjust the sampling frequency to minimize computation time.
v'Increase SNR before CNA

v Changing frequencies

v Filter Banks

How ??

1.Decimation or downsampling (decrease of f ., )

2.Interpolation or oversampling (increasing f ..., )-

Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz
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3.1. Downsampling and Upsampling

* Make from the original signal x a signal x ;, having fewer samples than the original sighal =
“removing” samples = decimation (down sampling )

]l o e 1 11

0

e T,'=DT ,=>f,'=f,/D
 Downsampling D consists of getting rid of D - 1 samples out of D

* Sample directly at f ,/D, but there is no guarantee thatf ,/D >2 f . So there is a risk of
spectral aliasing.

-+ co + 00
Xp(z) = E xp(m)z™™ = E x(n/D)z~"/P
— 00 — 00
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3.1. Downsampling and Upsampling

Wnrereis cim Schmor o o i T

-150 -50

Reminders: Example of a frequency response of the signal decimated by 2 then by 4

LA DN A

e Original signal

-600 =300 -50 50 300 600 Hz
Period from -150 to 150 Hz

* Decimation by 2 = f, = f,/2=150Hz
-600 -450 600 Hz
* Decimationby4 = f, = f,/4= 75Hz g‘;“"df“’m s
/\ VANEYAN N
-600 -450 -300 -150 -75 -50 | 50 75 150 300 450 600 Hz

Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz
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50 150Hz

Solution: Before
decimating,
remove the
frequency
content of x(n)
after f ,/2D and f
/D since the
spectrum
becomes
periodic with
period f /D
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3.1. Downsampling and Upsampling

* Make from the original signal x a signal x ,,a signal of the same duration but containing more
samples than the original signal = “adding” samples = interpolation ( upsampling ).

A N R T SO SO

x[n]

et s ey, NE LT

-2 0 2 4 G

a} sgnal original b) nterpolation zé

* Oversampling of D = Add D - 1 points

» Original signal has no frequency content ‘ ] ‘ I l ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
beyond f /2 = Iu L. LT |
+ 0o +00 +00 ¢) interpolation linéaire d) interpolation échelon
Xp(2) = ) xp(m)z™ = ) xp(mD)z 7™ = x(m)(z P =X(2P)
— 00 — 00 — 00
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3.1. Downsampling and Upsampling

-150 -50 ‘ 50 150 Hz
Reminders: Example of a frequency response of the signal interpolated by 2 then by 4

e Original signal
\ /\ /N /\ / Same spectrum
50 | 50 300

A 4

-600 2300 ] 600 Hz shape but
Period from -150 to 150 Hz Sampling
* Interpolationby 2 = f, = 2 f,=600Hz frequency of D f
Period from -300 to 300 Hz =

\ 4

e
\ /\ /A&\ /\ / Solution
Remove mirror
50 s0 300 600 Hz spectra by low-
pass filtering

-600 -300

* Interpolationby4 = f, =4 f, = 1200Hz Pefi"df“KOOHz fromf,/2
-600 -300 -50 ‘ 50 300 600 Hz
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3.1. Downsampling and Upsampling

Pgth%n Zxample: Signal = sum of 2 sinusoids of frequencies 100 and 300Hz. We interpolate it by 2
then by 4.

2 ; 0.5
1 ¢ ? 82 8
ﬁ 0.3

|
-1 I
0.1
SR b4 & i,
2 t t 0
0 001 002 003 004 005 006 007 008 009 0.1 -1000 -800 -600 -400 200 O 200 400 600 800 1000

oo\ [
0 Mirror Spectra
" \ i ] e fE '=2fe

0
-2000__/1500 1000 -500 O 500 1000  1500N—/2000

0.04 e fe ' =4fe

| SV VAN S5 VAN S V) 4 VA NG S

- 0
0 0.01 0.02 003 0.04 0.05 0.06 0.07 008 0.09 0.1 -4000 -3000 -2000 -1000 0 1000 2000 3000 4000

Same spectrum shape but sampling frequency of D f , = Remove mirror spectra by low-pass
filtering from f /2
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3.1. Downsampling and Upsampling

Python example: Signal = sum of 2 sinusoids of freqluencies 100 and 300Hz. We interpolate it by 2
then by 4. Solution: After interpolation, low-pass filtering at f . /2

2 i i i
1&% [ONO] : (g oX0) : : 7: Q ®© Q : (% (oX0) : 04
gl | i i 03

TEERBREARAR -

P ' ' ' ' 0
0 001 002 003 004 005 006 007 008 009 0.1 -1000 -800 -600 -400 -200 O 200 400 600 800 1000

©

0.5

0.4

0.3

o fe'=2fe

L
- 0
0 0.02 0.04 0.06 0.08 0.1 0.12 -2000 -1500  -1000 -500 0 500 1000 1500 2000

2 P P ; ; 0.4

03 fe '=4fe

0.2

B T e 0.1

0
-4000  -3000_ -2000. -1

?ame spectrum shape’but’$ampling freqliéncy'of D'f , = R&fmaVe Miridr spectta By
2
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3.1. Downsampling and Upsampling

Python example: Signal = sum of 2 sinusoids of frequencies 100 and 300Hz. We interpolate it by 2
then by 4. Solution: After interpolation, low-pass filtering at f . /2
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3.1. Downsampling and Upsampling

Python example: Signal = sum of 2 sinusoids of frequencies 100 and 300Hz.
It is decimated by 2 and 6 ( fe = 2000 Hz)

RN AR :
N il @ il |

& 880

|

i 0.1 WM‘M

-20 0.01 0.02 0.03 004 005 0.06 007 0.08 009 0.1 -10000 -800 -600 -400 -200 0 200 400 600 800 1000
2 0.5
0.4
1 '= /2
R ® 0.3 e e e
0c
ol ul 02
1 01 vH ) nl lvl
-2 0 Py r
0 0.01 0.02 0.03 0.04 0.05 006 0.07 0.08 009 0.1 -500 -400 -300 -200 -100 0 100 200 300 400 500
2 0.8
1 0.6 e'=fe / 6
e
EL ? 9 ? 9 i o / A
SR EIREI R AT Al
| N Wm W\/ \N\M
_20 0.01 0.02 0.03 0.04 0.05 006 0.07 0.08 0.09 0.1 —gOO -150 -100 -50 0 50 100 150 200
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3.1. Downsampling and Upsampling

Python example: Signal = sum of 2 sinusoids of frequencies 100 and 300Hz.
It is deumated by 2and 6 (fe 2000 Hz).

hefr v

with pa

Solution: Befa'| - TR T
i Bl
since the spe N T
-20 0.;)1 0.02 0.63 0.04 0.05 0.;)6 0.07 0.;)8 0.09 0.1
2
1
I i A JH, B i
) ]
-1
_20 0.01 0.02 0.03 0.04 0.05 0.06 0.07 O 0.09 0.
1 0) o)
0.5
0
-0.5 & &

-1
0 001 002 003 004 005 006 007 008 009 0.1
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-500 -400 -300 -200 -100

0 100 200 300 400 500

I

I

il

|

e f€'= f€ /6

1,

|
A

RVAY;

i

AVAYAYA'A'

'SVaVAVAVA'

N

0
-200 -150

-100

-50 0

50

100 150

200

51



L]

3.2. Rational Frequency Change

Digitally change the sampling rate of a signal x(n) from a sampling rate f , to a sampling rate f , where f , /f
=L/M.
1

Oversample the signal x(n) by a factor L and then decimate it by a factor M.

o Oversampling by L must be followed by a low-pass filter cutting at f' ,/2L ( f ./2) to remove spectra due
to oversampling where f _is the sampling frequency of the input signal.

o The decimation by M must be preceded by an anti-aliasing filtering having a cutoff frequency of f ./ 2M,
if f,"is the sampling frequency of the input signal.

fi=71. fe=tfe fr=fe /M=Lf;/M

TL H H.(2) M
x(n) 17) w y(n)=x, (n)

o Keep only one of the two low-pass filters: smaller f . or (max(L,M))
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3.2. Rational Frequency Change

Digitally change the sampling rate of a signal x(n) by one frequency sampling rate f ; at a sampling frequency f
,where f, /f | =L/M.

Oversample the signal x(n) by a factor L and then decimate it by a factor M.
* If Let M are coprime, decimation and interpolation are commutative
Example: Conversion whereL=5and M =2
Tp=2T,=5T,=10T

|
X a0
X -0 X
X Xal X X X »Q'O’C:) ‘?\O‘Q‘
?oooo Qﬁoofoggo R
Ny 0 1 2 4 5
n, 0 1 2 3 4 5 6 7 8 9 10 11 12

https://www.fsg.ulaval.ca/departements/professeurs/paul-fortier-111/
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3.3. Filter Banks

A filter bank is a set of filters, with a common input or output.

A filter bank is a set of filters (H ,(z);....;H y.1 (z)) such that the filter bandwidths form (+/-) a
partition of the set of frequencies and their frequency responses are deduced from each other
by certain relations

A https://homepages.laas.fr/adoncesc/SystemEmbed/Filtrage.pdf 1.2

H(z) H@EW) — HEW) HEwM™ 1 b

/ >< >< \ ........... /—\ ) os[ |

0,4
0 2njk =

Hy(z) = HO(Ze_T)= Ho(2Wk))

o [1-

=] S00 === AE=1=T=] =000 =500 =000 2500 40005

Other decompositions: Mel scale ( psychoacoustics ), Wavelets etc.

¥
Each output of a bank's filter is narrowband ,
—> we can therefore decimate it to treat it more quickly. Ll2] 3 4 f
Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz 0 fe/16 fe/m fe/a fe/2 >
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3.3. Filter Banks

The bench decomposes the signal x(n) into M subband signals (number of channels M = M decimation = critical sampling)

x(m) —» H, —» +ﬂ,f ——» X;(1) ] fﬂ,{ —» F »@ > V(1)

—» B — W — X3(1) — fM —»

——»  Hy —» +M’ — 11— f.M +—» Fy ﬁ

v H (z) are the analysis (decomposition) filters

v F (z) are the synthesis (reconstruction) filters

Perfect reconstruction when in the absence of any processing in the sub-bands the output signal y(n)=x(nk).
But the analysis and synthesis filters are imperfect = broadening of the sub-bands = aliasing at the outputs of the decimators.

Find the filters to compensate for the effects of aliasing to have perfect reconstruction.
)
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3.3. Filter Banks

Reminders:

o Dirac comb: ).o—_ 6 (t — nT,)periodic with period T, = decomposable into Fourier series such that

Zn]n ‘

Cn=r, it Yn=-w 8(t — 1T, )— Zn——oo Te Indiscrete = ) 6(n — mM)zi D s 2k
Decimation of M equivalent to sampling of M =y(m) = y(n/M) = Y, h(n)6(n — kM)
2mjk 1\ 1 )

2mjkn
o Transfer functionY (z) = Y n-_ (h(n) Y- le M )z‘"/M :% M-l (Z;’{’:_oo h(n)(e_Tzﬁ

27j

Y(z) = Z H(WMZM) withWy, = e M

o Frequency response = Y (f) = %Z’k‘/’:—(} H ( Aj/;e) — Periodizationde ;‘;

Interpolation M =Y (2) = Y 2 y(k)z™% = X 2 h(nM)z=™ = Y*C h(n)(z7™M = H(z")
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3.3. Filter Banks

Exar.nple.s: “H(z) HEWY  HEWD  HEWY,

Deamatllon of 4 1 - / X X X | \

Y(z) = ZZIBc:OH (W4kzz)withW4 =e 4 0 fe/2

Y(2) = %(H (szi) +H (szi) + H (sz%) +H (szi))

Y(z) = %(H(zi) +H (—jzi) (g 4 H (/zi)):w(f) = =30 Ho ( -~ %)

Interpolation ofe 4 =Y (2) = X(z*) Lm0 el

Decimation of 2

11 k.5 )i —
Y(z) = EZR:OH (W2 ZZ)W|thW2 =e 2 J — e
Y(z) =+ (1) + u(2))- > (Ho(2) + Hy(2))=3 (Ho(2) + Ho(—2))=Y(6) = 2| Ho(f) + Ho (f — )]
Interpolation ofe 2 =Y (z) = H(z?)
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3.3. Filter Banks

Example : 2-channel filter bank

X(z)

A4

T2

Ho(z) > 12
H, (2) 12
Analysis

A4

T 2

Fol(2)

T Fl(Z)

Synthesis

v'H ,(z) and H ; (z) the low-pass and high-pass filters of the analysis bench

v'F 4(z) and F , (z) the low-pass and high-pass filters of the synthesis ber -

Critical sampling

H 1(2) =H o(-2) =H, (f) = Ho(f — %

Hylz) =Ho-z"1) = Hy(f) = Ho(t = f)
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Ho(f) . H1(f)=Ho(f-fe/2)

3.3. Filter Banks

X(z) : Hol) | " L2 w7 12 Fold | b 24
Example : 2-channel filter bank H. (2) L2y rre R
Analysis " Synthesis
~fol2 fel2 fi2 s f2
W P-highH, (2)

/\sze/z 12 ~£./2 fol?2 12
AN v
VAVAVAVAVAVAN

~£12, )2 ~£/2, f.
) . £/ ; f./2 12

VAVAVAVAVAN !
VAVAVAVAVAVAN

—fe/2 | fel2 ~fel2 fel?

N ! highF

P-lowF,(z) 14
—fe/2 fe/2 —fe/2 fe/2

v
v

v

v

v

v

v

v

v

v
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3.3. Filter Banks

Example : 2-channel filter bank ) 2.02)
Ho(2) b2 2 Fol2) R
X(z) 0 I X(z)
aa D
H,(2) l2 12 F,(2)
I R
Analysis B /z ) Synthesis X1(2)

21j

o 082 o
o0 A(z) = 52k=0H0 Wyzz2 ) X \W5z2 ) lwith Wy =e 2 = —1

= A(z) = % (HO (Z%)X(Z%) + HO(—Z%)X(—Z%))

o Xo(2) = A(@)Fo(2)= Ro(2) = Fo(2)5 (Ho(2)X(2) + Ho(—2)X(—2))

o LikewiseX, (2) = F,(2) % (Hi(2)X(2) + Hy(-2)X(~2))

=X(2) = (Fo(2)Ho(2) + F1(2)H1(2))X(2) + 5 (Fo(2)Ho(~2) + F1(2)H1(-2))X(~2)
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3.3. Filter Banks

Examplelz 2-channel filter bank |
X(2) = > (Fo(2)Ho(2) + F1(2)H{(2))X(2) + > (Fo(2)Ho(—2) + F1(2)H1(-2))X(~2)

Reconstruction if X(n) = x(n)within a delay, i.e.:
" Fo(2)Ho(2) + F;(2)H(2) = 227"

v Fo(2)Ho(=2) + Fy(2)Hy(~2) = 0 :»{Ifs((zz)): ;fél_(z‘)?f;ﬂlzgz)::_gz((:zz)) ou

Eliminate the term in X(-z) = QMF filters (Quadrature Mirror Filter )
If we impose H ,(z) =H ,(-z) orh ;(n) =(-1)"h ,(n)

* Folz)=H,(z)orfy(n)=hy(n)

* Fi(z)=-Hy(-z)orf (n)=-(-1)"h 4(n)

compensation for the effects of folding to have perfect reconstruction

Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz
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3.3. Filter Banks

Example1: 2-channel filter bank .
X(2) = > (Fo(2)Ho(2) + F1(2)H,(2))X (2) + > (Fo(2)Ho(=2) + F1(2)H,(~2))X (—2)
[VH ;(z) =H y,(-z) [ 'F ,(z) =H ,(z) [/ F ;(z) =- H ,(-2)

Mirror effect aroundf, /4

. : .o fe
H(2)=H o(-2) = H ;(e¥™ITe) = H ;- e2MTTe)= 1 , (2™ U 2)Te) NG H,(2)
= Hy(f) = Ho (f &) ..

" Fo(2)Ho(2) + F1(2)H,(2) = 2z7F

>HE(z) —Hi(z)=2z7F 0

fefa 62 fef2
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3.3. Filter Banks

Example : 2-channel filter bank

Eliminate the term in X(-z) = CQF filters ( Conjugate Quadrature Filter )
We impose H [(z)=+H (-z1)zt-Yorh (n)=+(-1)"h,(L-1-n)
* Fo(z)=H (-z2)=Hy(zY)zt-Yorf,(n)=hy(L-1-n)

¢ Fy(z)=-Ho(-z)orfy(n)=~(-1)"h,(n)

Mirror effect around f, /4

Filtre passe-bas et passe-haut de décomposition
T T T T T T T

1.5

Rigorously accurate reconstruction of the input signal unlike
to QMF filters but greater computational complexity

. . fe
Hi(z)=Ho(-271) = H, (e2™fTe) =H ,(e 22T
fe
:'>H1(f):H0(;— ) /

0 r r r r r r L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

oQuadrature: The 2 filters intersect at f, /4. The bandwidth

Faculty of Electrical Engineering, USTHB [akourgli@usthb.dz useFI by each of the filte.rs is half of the initial band. The sum
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