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I. Introduction

• Digital Linear Filtering

Structure: DLTI

o one or more delay devices (shift registers)

o a clock

o arithmetic operators (adders and multipliers)

o registers providing the filter weighting coefficients
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I. Introduction

Analog filters consist of imperfect electronic components :

Example : Resistor values often have a tolerance of ±5%

May change with temperature and drift with time. 

Order of an analog filter  the effect of variable component 

errors is greatly magnified.

• Digital Linear Filtering

o Reliable

o Reproducible

o Flexible

o Real time (digital transmissions, MP3 sound coding, speech synthesis, digital television

o Most analog filter models can thus be reproduced in digital form.
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II. Z Transform

• Let x(n) be a discrete signal. Its ZT is defined by:

where z is a complex variable defined wherever this series converges.

A region of convergence corresponds to the set of values of z such that X(z) is defined and 
has finite values.

Examples

1. x(n) =  (n)  X( z ) = 1 ROC=¢

2. x(n) =  (n-k)  X( z ) = z -k If k>0 ROC=¢-{0} if k<0 ROC=¢-{  }

3. x(n)=( 1,2,3,5,0,2 )  x(n)=  (n)+2.  (n-1)+3.  (n-2)+5.  (n-3)+ 2.  (n-5)


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II. Z Transform

Examples

Note: The TZ of a n for n  ]-  , +  [ does not exist.
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Invariant linear systems described by a finite difference equation have a rational Z-
transform (the ratio of two polynomials in z -1 )

A LI system can be characterized by h(n) or by the Z transform (H(z)) called the system 
transfer function.  of its impulse response h(n), called the system transfer function.

The values of z for which H(z)=0 are called zeros

The values of z for which H(z) is infinite (zeroes the denominator) are called the poles
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II. Z Transform: Rational ZT



The position of its poles and zeros ( + the amplitude factor K = b 0 / a 0 ) will provide us 
with a complete description of H(z) (consequently of h(n) and H(f)) and therefore of the 
behavior of the system.

H(z) can therefore be represented as a circle modeling the position of the poles and zeros 
in the complex plane.

Example
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Determination of the impulse response from the pole-zero plot

• For 0 < a < 1

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For a = 1

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For a > 1

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For -1 <a < 0

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For a = - 1

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For a <- 1

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For a = 1

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For 0 < a < 1

ℎ 𝑛 = 𝑎𝑛 cos 2𝜋𝑓0𝑛  𝑈(𝑛) => H(z) =
… … … . .

𝑧 − 𝑎𝑒2𝜋𝑗𝑓0𝑛 𝑧 − 𝑎𝑒−2𝜋𝑗𝑓0𝑛

II. Z Transform: Representation of poles and zeros
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Determination of the impulse response from the pole-zero plot

• For a < -1

ℎ 𝑛 = 𝑎𝑛 cos 2𝜋𝑓0𝑛  𝑈(𝑛) => H(z) =
… … … . .

𝑧 − 𝑎𝑒2𝜋𝑗𝑓0𝑛 𝑧 − 𝑎𝑒−2𝜋𝑗𝑓0𝑛

II. Z Transform: Representation of poles and zeros
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be represented as a circle modeling the position of the poles and zeros in the complex plane.
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Determination of the impulse response from the pole-zero plot

II. Z Transform: Representation of poles and zeros



✓In most systems, ai and bi are real  poles and zeros are either real or complex 
conjugate pairs.

✓The radius of a causal system lies outside a circle. Moreover, if it is stable

since

 it is therefore sufficient that z=1 is part of the DRC
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II. Z Transform: Representation of poles and zeros



✓In most systems, ai and bi are real  poles and zeros are either real or complex 
conjugate pairs.

✓The radius of a causal system lies outside a circle. Moreover, if it is stable                    
since

 it is therefore sufficient that z=1 is part of the ROC

✓ For a causal and stable system, all poles are inside the unit circle (|pi|<1,  i). The 
domain of convergence cannot contain poles since the TZ does not converge at the 
poles. If it is anti-causal, it will be stable if the poles are outside the unit circle.

✓A FIR filter has all its poles at the origin and will therefore always be stable.
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• For a SLID

• Transition from H(z) to H(f)
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Determination of the frequency response from the pole-zero plot

II. Z Transform: Representation of poles and zeros



• Reminder on vectors

• Sum

• Difference
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II. Z Transform: Representation of poles and zeros



Example 1:𝐻 𝑧 =
(𝑧−0.8)

𝑧
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II. Z Transform: Representation of poles and zeros
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Determination of the frequency response from the pole-zero plot

Example 2 :𝐻 𝑧 =
(𝑧+0.5)

(𝑧−0.8)

• A zero or a pole at the origin does not influence the modulus of the frequency response.

• A zero near the unit circle introduces an attenuation in the frequency response modulus (minimum)

• A pole in the vicinity of the unit circle introduces a resonance that is all the more important in the modulus of the 
frequency response as the pole is close to the unit circle (maximum)

II. Z Transform: Representation of poles and zeros
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Example 3

II. Z Transform: Representation of poles and zeros
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Example 4

II. Z Transform: Representation of poles and zeros
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Example 5

II. Z Transform: Representation of poles and zeros
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 1 single pole 𝑒−𝑎( m=1)

II. Z Transform: TZ Inverse
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Development in simple Z functions

II. Z Transform: TZ Inverse
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Inverse Transform by Polynomial Division

Example

Domain of convergence outside a circle → causal signal → division to have a series in z -1

II. Z Transform: TZ Inverse
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Inverse Transform by Polynomial Division

Example

Domain of convergence inside a circle → anti-causal signal → division to have a z-series
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II. Z Transform: TZ Inverse



• Real filter
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 Ideal filter

 FIR or IIR?
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III. Characteristics of Digital Filters



• FIR or IIR?

Reminders
• IIR: σ𝑖=0

𝑀 𝑎𝑖𝑦 𝑛 − 𝑖 = σ𝑖=0
𝑁 𝑏𝑖𝑥(𝑛 − 𝑖)

• FIR: 𝑦 𝑛 = σ𝑖=0
𝑁 𝑏𝑖𝑥(𝑛 − 𝑖)

All poles are zeros  FIR always stable

+ Possibility to have a constant group delay
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 𝐻(𝑧) = σ𝑖=0
𝑁 𝑏𝑖𝑧−𝑖 =

𝑏0 ς𝑖=1
𝑁 (𝑧−𝑧𝑖)

𝑧𝑁
 ℎ 𝑛 = σ𝑖=0

𝑁 𝑏𝑖𝛿(𝑛 − 𝑖)

III. Characteristics of Digital Filters
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• Group delay

• Reminder 𝑇𝐹 𝑥 𝑡 − 𝑡0 = 𝑋(𝑓)𝑒−2𝜋𝑗𝑓𝑡0

• A linear phase will ensure the same phase shift for all frequencies (no distortion).

• FIR filters can generate linear phase filters provided that the impulse response is 
symmetrical
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III. Characteristics of Digital Filters



Example

35



( ))2()1(2)(
4

1
)( −+−+= nxnxnxny

( ))2()1(2)(
4

1
)( −+−+= nnnnh 

 𝐻 𝑧 =
1

4
(1 + 2𝑧−1 + 𝑧−2)

 𝐻 𝑓 = ቚ𝐻(𝑧)
𝑧=𝑒2𝜋𝑗𝑓𝑇𝑒

=
1

4
(1 + 2𝑒−2𝜋𝑗𝑓𝑇𝑒 + 𝑒−4𝜋𝑗𝑓𝑇𝑒)

𝐻 𝑓 =
1

4
𝑒−2𝜋𝑗𝑓𝑇𝑒  (𝑒2𝜋𝑗𝑓𝑇𝑒 + 2 + 𝑒−2𝜋𝑗𝑓𝑇𝑒)

𝐻 𝑓 =
1

4
𝑒−2𝜋𝑗𝑓𝑇𝑒 (2 cos 2𝜋𝑓𝑇𝑒 + 2) = 𝑒−2𝜋𝑗𝑓𝑇𝑒 (𝑐𝑜𝑠2 𝜋𝑓𝑇𝑒 )
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FIR or IIR?

• IIR
➢Desired frequency response
with very few poles and zeros
☻Risk of instability (recursion)

• FIR
✓Still stable
✓Possibility of having a constant group delay
☻No poles outside zeros (long impulse response)
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