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✶ ❙➱❘■❊ ✶ ✕ ➱♥❡r❣✐❡✱ ❈♦♥✈♦❧✉t✐♦♥✱ ❈♦rré❧❛t✐♦♥ ❡t ❙ér✐❡s ❞❡ ❋♦✉r✐❡r

✶✳✶ ❊①❡r❝✐❝❡ ✶ ✕ ❙✐❣♥❛✉① ♣♦rt❡ ❡t tr✐❛♥❣✉❧❛✐r❡

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

▲❡s s✐❣♥❛✉① r❡❝t❛♥❣✉❧❛✐r❡s ♠♦❞é❧✐s❡♥t ❞❡s ✐♠♣✉❧s✐♦♥s ❞❡ ❞é❝❧❡♥❝❤❡♠❡♥t ✭tr✐❣❣❡r✮ ❡♥ é❧❡❝tr♦♥✲
✐q✉❡ ♥✉❝❧é❛✐r❡ ✕ ♣❛r ❡①❡♠♣❧❡ ❧❡ s✐❣♥❛❧ ❧♦❣✐q✉❡ ✐ss✉ ❞✬✉♥ ❞✐s❝r✐♠✐♥❛t❡✉r à s❡✉✐❧ ❞❛♥s ✉♥ ❞ét❡❝t❡✉r
◆❛■✭❚❧✮✳ ▲✬❛♥❛❧②s❡ ❞❡ ❧❡✉r é♥❡r❣✐❡ ❡t ❞❡ ❧❡✉r ❝♦rré❧❛t✐♦♥ ❡st ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r ❝♦♥❝❡✈♦✐r ❧❡s
❝✐r❝✉✐ts ❞❡ ❝♦ï♥❝✐❞❡♥❝❡ t❡♠♣♦r❡❧❧❡ ❡♥ ❞ét❡❝t✐♦♥ ❣❛♠♠❛✳

❉é✜♥✐t✐♦♥ ❞❡s s✐❣♥❛✉①

❉✬❛♣rès ❧❡s ✜❣✉r❡s ❞❡ ❧✬é♥♦♥❝é ✿

x(t) =

{

A s✐ − T/2 ≤ t ≤ T/2

0 s✐♥♦♥
y(t) =







A

(

1− 2|t|
T

)

s✐ |t| ≤ T/2

0 s✐♥♦♥

t

x(t)

−T/2 T/2

A

❋✐❣✉r❡ ✶ ✿ x(t) ✕ s✐❣♥❛❧ ♣♦rt❡

t

y(t)

−T/2 T/2

A

❋✐❣✉r❡ ✷ ✿ y(t) ✕ s✐❣♥❛❧ tr✐❛♥❣✉❧❛✐r❡

◗✉❡st✐♦♥ ✶ ✕ ➱♥❡r❣✐❡ t♦t❛❧❡ ❡t ♣✉✐ss❛♥❝❡ t♦t❛❧❡

❉é✜♥✐t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s

Es =

∫ +∞

−∞
|s(t)|2 dt Ps = lim

T0→∞

1

T0

∫ T0/2

−T0/2
|s(t)|2 dt

❯♥ s✐❣♥❛❧ à s✉♣♣♦rt ❜♦r♥é ✈ér✐✜❡ Es < ∞ ❡t ♣❛r ❝♦♥séq✉❡♥t Ps = 0✳

❘❡♠❛rq✉❡ ✿ ❉✐✛ér❡♥❝❡ ❝r✉❝✐❛❧❡ ❡♥tr❡ T0 ❡t T

❼ T ❡st ✉♥❡ ❝♦♥st❛♥t❡ ✜①é❡ ♣❛r ❧✬é♥♦♥❝é ✿ ❝✬❡st ❧❛ ❞✉ré❡ ❞✉ s✐❣♥❛❧ ✭❧❛r❣❡✉r ❞✉ r❡❝t❛♥❣❧❡
♦✉ ❞✉ tr✐❛♥❣❧❡✮✳ ❈✬❡st ✉♥❡ ❞♦♥♥é❡ ❞✉ ♣r♦❜❧è♠❡✳

❼ T0 ❡st ✉♥❡ ✈❛r✐❛❜❧❡ q✉✐ t❡♥❞ ✈❡rs +∞ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ✿ ❝✬❡st ❧❛ ❢❡♥êtr❡
❞✬♦❜s❡r✈❛t✐♦♥✱ q✉✐ ❣r❛♥❞✐t ✐♥❞é✜♥✐♠❡♥t✳

❼ ◆❡ ❥❛♠❛✐s ❧❡s ❝♦♥❢♦♥❞r❡ ✦ ❉ès q✉❡ T0 > T ✱ ❧✬✐♥té❣r❛❧❡ ✈❛✉t A2T ✭❧❡ s✐❣♥❛❧ ❡st ❡♥t✐❡r
❞❛♥s ❧❛ ❢❡♥êtr❡✮✱ ♠❛✐s ♦♥ ❞✐✈✐s❡ ♣❛r T0 → +∞✱ ❞♦♥❝ P → 0✳

✶✳❛✮ ➱♥❡r❣✐❡ ❞❡ x(t) ✿

❈♦♠♠❡ x(t) = 0 ❡♥ ❞❡❤♦rs ❞❡ [−T/2, T/2]✱ ❧❡s ❜♦r♥❡s s❡ ré❞✉✐s❡♥t ❛✉ s✉♣♣♦rt ❞✉ s✐❣♥❛❧ ✿

Ex =

∫ +∞

−∞
|x(t)|2 dt =

∫ T/2

−T/2
A2 dt = A2

[

t
]T/2

−T/2
= A2

(
T

2
−
(

−T

2

))

= A2 · T
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Ex = A2T

P✉✐ss❛♥❝❡ ❞❡ x(t) ✿

Px = lim
T0→∞

1

T0

∫ T0/2

−T0/2
|x(t)|2 dt

︸ ︷︷ ︸

= A2T ✭❝♦♥st❛♥t❡ ♣♦✉r T0>T )

= lim
T0→∞

A2T

T0
= 0

Px = 0

✶✳❜✮ ➱♥❡r❣✐❡ ❞❡ y(t) ✿

Ey =

∫ +∞

−∞
|y(t)|2 dt =

∫ T/2

−T/2
A2

(

1− 2|t|
T

)2

dt = A2

∫ T/2

−T/2

(

1− 2|t|
T

)2

dt

➱t❛♣❡ ✶ ✕ ❯t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ s②♠étr✐❡ ♣❛✐r❡ ✿

▲✬✐♥té❣r❛♥❞❡
(

1− 2|t|
T

)2
❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣❛✐r❡ ✭❝❛r |t| ❡st ♣❛✐r✮✳ ❖♥ é❝r✐t ❞♦♥❝ ✿

Ey = 2A2

∫ T/2

0

(

1− 2t

T

)2

dt

✭♣♦✉r t ≥ 0✱ |t| = t✱ ❞♦♥❝ ❧❡ ♠♦❞✉❧❡ ❞✐s♣❛r❛ît✳✮

➱t❛♣❡ ✷ ✕ ❈❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ✿

❖♥ ♣♦s❡ ✿

u = 1− 2t

T
⇒ du = − 2

T
dt ⇒ dt = −T

2
du

◆♦✉✈❡❧❧❡s ❜♦r♥❡s ✿

t = 0 ⇒ u = 1 t = T/2 ⇒ u = 1− 2(T/2)

T
= 0

➱t❛♣❡ ✸ ✕ ❙✉❜st✐t✉t✐♦♥ ✿

Ey = 2A2

∫ u=0

u=1
u2 ·

(

−T

2

)

du = 2A2 · T
2

∫ 1

0
u2 du = A2T

[
u3

3

]1

0

= A2T · 1
3

Ey =
A2T

3

❘❡♠❛rq✉❡ ✿ ❱ér✐✜❝❛t✐♦♥ ♣❛r ❞é✈❡❧♦♣♣❡♠❡♥t ❞✐r❡❝t

❙❛♥s ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡✱ ♦♥ ❞é✈❡❧♦♣♣❡ (1− 2t/T )2 = 1− 4t/T + 4t2/T 2 ✿

∫ T/2

0

(

1− 4t

T
+

4t2

T 2

)

dt =

[

t− 2t2

T
+

4t3

3T 2

]T/2

0

=
T

2
− T

2
+

T

6
=

T

6
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❉♦♥❝ Ey = 2A2 · T
6
=

A2T

3
✳ X

❈♦♠♣❛r❛✐s♦♥ ✿ Ey = Ex/3✳ ▲❡ tr✐❛♥❣❧❡ ❛ tr♦✐s ❢♦✐s ♠♦✐♥s ❞✬é♥❡r❣✐❡ q✉❡ ❧❡ r❡❝t❛♥❣❧❡ ❞❡ ♠ê♠❡s
❞✐♠❡♥s✐♦♥s A ❡t T ✱ ❝❛r ✐❧ ✈❛✉t ✵ ❛✉① ❜♦r❞s ❡t A s❡✉❧❡♠❡♥t ❛✉ ❝❡♥tr❡✳

P✉✐ss❛♥❝❡ ✿ Py = 0 ✭♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t q✉❡ ♣♦✉r Px ✿ s✐❣♥❛❧ à s✉♣♣♦rt ❜♦r♥é✮✳

◗✉❡st✐♦♥ ✷ ✕ ❈♦♥✈♦❧✉t✐♦♥ z(t) = x ∗ y

P❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❝♦♥✈♦❧✉t✐♦♥ ✿

z(t) = (x ∗ y)(t) =
∫ +∞

−∞
x(τ) y(t− τ) dτ = A

∫ T/2

−T/2
y(t− τ) dτ

❘❡♠❛rq✉❡ ✿ ❘è❣❧❡ s✉r ❧❡ s✉♣♣♦rt ❞❡ ❧❛ ❝♦♥✈♦❧✉t✐♦♥

❙✐ x ❛ ✉♥❡ ❞✉ré❡ T1 ❡t y ✉♥❡ ❞✉ré❡ T2✱ ❛❧♦rs x ∗ y ❛ ✉♥❡ ❞✉ré❡ T1 + T2✳ ■❝✐ T1 = T2 = T ✱ ❞♦♥❝
❧❡ s✉♣♣♦rt ❞❡ z ❡st [−T, T ]✳

❱❛❧❡✉r ♠❛①✐♠❛❧❡ ❡♥ t = 0 ✿

z(0) = A

∫ T/2

−T/2
y(τ) dτ = A× 1

2
· T ·A

︸ ︷︷ ︸

❛✐r❡ ❞✉ tr✐❛♥❣❧❡

=
A2T

2

z(t) ❡st ♣❛✐r✱ q✉❛❞r❛t✐q✉❡ ♣❛r ♠♦r❝❡❛✉① s✉r [−T, T ]✱ ❛✈❡❝ z(0) =
A2T

2
✭✈❛❧❡✉r ♠❛①✐♠❛❧❡✮✳

t

z(t)

0

A2T

2

−T T−T/2 T/2

❋✐❣✉r❡ ✸ ✿ z(t) = x ∗ y

◗✉❡st✐♦♥ ✸ ✕ ❆✉t♦❝♦rré❧❛t✐♦♥ ❞❡ x ✿ Rxx(τ)

Rxx(τ) =

∫ +∞

−∞
x(t)x(t+ τ) dt

▲❡ ♣r♦❞✉✐t x(t) · x(t + τ) = A2 ✉♥✐q✉❡♠❡♥t ❧à ♦ù ❧❡s ❞❡✉① r❡❝t❛♥❣❧❡s s❡ s✉♣❡r♣♦s❡♥t✳ ▲❛ ❧♦♥❣✉❡✉r
❞✉ ❝❤❡✈❛✉❝❤❡♠❡♥t ❡st (T − |τ |) ♣♦✉r |τ | ≤ T ✿

Rxx(τ) = A2(T − |τ |)1|τ |≤T

❈✬❡st ✉♥ tr✐❛♥❣❧❡ ❞❡ ❤❛✉t❡✉r A2T ❡♥ τ = 0✱ s✬❛♥♥✉❧❛♥t ❡♥ τ = ±T ✳
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τ

Rxx(τ)

A2T = Ex

−T T

❋✐❣✉r❡ ✹ ✿ Rxx(τ)

❘❡♠❛rq✉❡ ✿ Pr♦♣r✐étés ❢♦♥❞❛♠❡♥t❛❧❡s ❞❡ ❧✬❛✉t♦❝♦rré❧❛t✐♦♥ ✭t♦✉❥♦✉rs ✈r❛✐❡s✮

❼ Rxx(0) = Ex = A2T ✿ ❧❛ ✈❛❧❡✉r ❡♥ τ = 0 ❡st t♦✉❥♦✉rs é❣❛❧❡ à ❧✬é♥❡r❣✐❡✳ X
❼ Rxx(τ) = Rxx(−τ) ✿ ❧✬❛✉t♦❝♦rré❧❛t✐♦♥ ❡st t♦✉❥♦✉rs ♣❛✐r❡✳ X
❼ |Rxx(τ)| ≤ Rxx(0) ✿ ❧❡ ♠❛①✐♠✉♠ ❡st t♦✉❥♦✉rs ❡♥ τ = 0✳ X
❼ ❉❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉r✐❡r ✿ F{Rxx} = |X(f)|2 ✭❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ✕ t❤é♦rè♠❡
❞❡ ❲✐❡♥❡r✲❑❤✐♥t❝❤✐♥❡✮✳

❈❡s tr♦✐s ♣r♦♣r✐étés ❝♦♥st✐t✉❡♥t ✉♥ ♦✉t✐❧ ❞❡ ✈ér✐✜❝❛t✐♦♥ r❛♣✐❞❡ ❞❡ ✈♦s ❝❛❧❝✉❧s✳

◗✉❡st✐♦♥ ✹ ✕ ❈♦rré❧❛t✐♦♥ ❝r♦✐sé❡ ❞❡ x ♣❛r y ✿ Rxy(τ)

Rxy(τ) =

∫ +∞

−∞
x(t) y(t+ τ) dt = A

∫ T/2

−T/2
y(t+ τ) dt

❱❛❧❡✉r ❡♥ τ = 0 ✿

Rxy(0) = A

∫ T/2

−T/2
y(t) dt = A · AT

2
=

A2T

2

Rxy(τ) ❡st ❞é✜♥✐❡ s✉r [−T, T ]✱ ❞❡ ❢♦r♠❡ ♣♦❧②♥♦♠✐❛❧❡ ♣❛r ♠♦r❝❡❛✉①✱ ❛✈❡❝ Rxy(0) =
A2T

2
✳

❆tt❡♥t✐♦♥ ✿ ❉✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❛✉t♦❝♦rré❧❛t✐♦♥ ✴ ❝♦rré❧❛t✐♦♥ ❝r♦✐sé❡

❼ Rxx ❡st t♦✉❥♦✉rs ♣❛✐r❡ ✿ Rxx(τ) = Rxx(−τ)✳
❼ Rxy ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ♣❛✐r❡ ❝❛r x 6= y✳
❼ ■❝✐ x ❡st ♣❛✐r ✭r❡❝t❛♥❣❧❡ ❝❡♥tré✮✱ ❞♦♥❝ Rxy ❛ ❧❛ ♠ê♠❡ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ q✉❡ z ✭❝♦♥✈♦❧✉t✐♦♥✮✱
♠❛✐s ❧❡✉rs ❢♦r♠❡s ❣é♥ér❛❧❡s ❞✐✛èr❡♥t✳

✺ ❉r✳ ❙✳❑✳ ▼❊❍❉■



❯❙❚❍❇ ✕ ❋❛❝✉❧t❡ ❞❡ P❤②s✐q✉❡ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧ ✕ ▼❛st❡r P❘✲▼✶

✶✳✷ ❊①❡r❝✐❝❡ ✷ ✕ ❙✐❣♥❛❧ ❝❛rré ✐♠♣❛✐r ✿ ❙ér✐❡ ❞❡ ❋♦✉r✐❡r

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

❈❡ s✐❣♥❛❧ ❝ré♥❡❛✉ ♠♦❞é❧✐s❡ ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ❞❡ ♣❤❛s❡ ❜✐♥❛✐r❡ ✭❇P❙❑✮ ✉t✐❧✐sé❡ ❡♥ té❧é❞ét❡❝t✐♦♥✳
❙♦♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ sér✐❡ ❞❡ ❋♦✉r✐❡r ✐❧❧✉str❡ ❧❛ r✐❝❤❡ss❡ ❤❛r♠♦♥✐q✉❡ ❞❡s s✐❣♥❛✉① r❡❝t❛♥❣✉✲
❧❛✐r❡s✳

❙✐❣♥❛❧ f ❞❡ ♣ér✐♦❞❡ 2π ✿ f(t) = −a s✉r ]− π, 0[✱ f(t) = +a s✉r ]0, π[✱ a > 0✳

◗✉❡st✐♦♥ ✶ ✕ ❘❡♣rés❡♥t❛t✐♦♥

t

f(t)

+a

−a

−π π−2π

❙✐❣♥❛❧ ❝❛rré ✐♠♣❛✐r ❞❡ ♣ér✐♦❞❡ 2π

◗✉❡st✐♦♥ ✷ ✕ ❈❛r❛❝tér✐s❛t✐♦♥ é♥❡r❣ét✐q✉❡

f ❡st ♣ér✐♦❞✐q✉❡ ⇒ é♥❡r❣✐❡ t♦t❛❧❡ ✐♥✜♥✐❡ ⇒ ❝✬❡st ✉♥ s✐❣♥❛❧ ❞❡ ♣✉✐ss❛♥❝❡✳

P =
1

2π

∫ π

−π
|f(t)|2 dt = 1

2π

[∫ 0

−π
a2 dt+

∫ π

0
a2 dt

]

=
1

2π
· 2πa2

P = a2

◗✉❡st✐♦♥ ✸ ✕ ❉é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❙ér✐❡ ❞❡ ❋♦✉r✐❡r

❘❛♣♣❡❧ ✕ ❙ér✐❡ ❞❡ ❋♦✉r✐❡r tr✐❣♦♥♦♠étr✐q✉❡

f(t) = a0 +
+∞∑

n=1

[
an cos(nt) + bn sin(nt)

]

a0 =
1

2π

∫ π

−π
f(t) dt, an =

1

π

∫ π

−π
f(t) cos(nt) dt, bn =

1

π

∫ π

−π
f(t) sin(nt) dt

❈❛❧❝✉❧ ❞❡ a0 ✿ f ❡st ✐♠♣❛✐r❡✱ ❞♦♥❝ a0 = 0✳

❘❡♠❛rq✉❡ ✿ ❆st✉❝❡ ✕ ❯t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣❛r✐té

f ❡st ✐♠♣❛✐r❡ ✿ f(−t) = −f(t)✳
cos(nt) ❡st ♣❛✐r✳ ❉♦♥❝ f(t) cos(nt) ❡st ✐♠♣❛✐r❡ ⇒ s♦♥ ✐♥té❣r❛❧❡ s✉r [−π, π] ❡st ♥✉❧❧❡✳
❈♦♥❝❧✉s✐♦♥ ✿ an = 0 ♣♦✉r t♦✉t n✳ ❖♥ ♥✬❛ à ❝❛❧❝✉❧❡r q✉❡ ❧❡s bn ✕ ❣❛✐♥ ❞❡ t❡♠♣s ✦

❈❛❧❝✉❧ ❞❡ bn ✿ ❧❡ ♣r♦❞✉✐t f(t) sin(nt) ❡st ♣❛✐r ✭✐♠♣❛✐r × ✐♠♣❛✐r✮✳ ❖♥ ❡①♣❧♦✐t❡ ❧❛ s②♠étr✐❡ ✿

bn =
2

π

∫ π

0
a sin(nt) dt =

2a

π

[

−cos(nt)

n

]π

0

=
2a

πn

[
− cos(nπ) + cos(0)

]
=

2a

πn

[
1− cos(nπ)

]

✻ ❉r✳ ❙✳❑✳ ▼❊❍❉■
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❖r cos(nπ) = (−1)n✱ ❞♦♥❝ ✿

bn =
2a

πn

[
1− (−1)n

]

❼ n ♣❛✐r ✿ 1− (−1)n = 1− 1 = 0 ⇒ bn = 0

❼ n ✐♠♣❛✐r ✿ 1− (−1)n = 1− (−1) = 2 ⇒ bn =
4a

πn

f(t) =
4a

π

+∞∑

n=1
n ✐♠♣❛✐r

sin(nt)

n
=

4a

π

(

sin t+
sin 3t

3
+

sin 5t

5
+ · · ·

)

❘❡♠❛rq✉❡ ✿ ❱✐t❡ss❡ ❞❡ ❞é❝r♦✐ss❛♥❝❡ ❡t ❝♦♥✈❡r❣❡♥❝❡

▲❡s bn ❞é❝r♦✐ss❡♥t ❡♥ 1/n ✿ ❝♦♥✈❡r❣❡♥❝❡ ❧❡♥t❡✱ ❝❛r f ❡st ❞✐s❝♦♥t✐♥✉❡ ✭❚❤é♦rè♠❡ ❞❡ ●✐❜❜s✮✳
❆✉ ♣♦✐♥t ❞❡ ❞✐s❝♦♥t✐♥✉✐té t = 0✱ ❧❛ sér✐❡ ❝♦♥✈❡r❣❡ ✈❡rs −a+a

2 = 0 ✭❚❤é♦rè♠❡ ❞❡ ❉✐r✐❝❤❧❡t✮✳ X

◗✉❡st✐♦♥ ✹ ✕ ❙♣❡❝tr❡ ❞❡ f

▲❡s ❝♦❡✣❝✐❡♥ts ❝♦♠♣❧❡①❡s cn = bn/(2j) ♣♦✉r n ✐♠♣❛✐r ❞♦♥♥❡♥t ✿

|cn| =
2a

π|n| ♣♦✉r n ✐♠♣❛✐r, |cn| = 0 ♣♦✉r n ♣❛✐r

❙♣❡❝tr❡ ❞✐s❝r❡t✱ ✐♠♣❛✐r✱ ❛✈❡❝ r❛✐❡s ✉♥✐q✉❡♠❡♥t ❛✉① ❤❛r♠♦♥✐q✉❡s ✐♠♣❛✐rs✱ ❞é❝r♦✐ss❛♥t ❡♥ 1/n✳

✼ ❉r✳ ❙✳❑✳ ▼❊❍❉■
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✶✳✸ ❊①❡r❝✐❝❡ ✸ ✕ f(x) = ex ♣ér✐♦❞✐q✉❡ ✿ ❙ér✐❡ ❞❡ ❋♦✉r✐❡r ❡t s♦♠♠❡s

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

❈❡ s✐❣♥❛❧ ♠♦❞é❧✐s❡ ❧❛ ré♣♦♥s❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞✬✉♥ ❞ét❡❝t❡✉r ❡♥tr❡ ❞❡✉① ✐♠♣✉❧s✐♦♥s s✉❝❝❡ss✐✈❡s✳
❙♦♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ sér✐❡ ❞❡ ❋♦✉r✐❡r ♣❡r♠❡t ❞✬❡①tr❛✐r❡ ❞❡s s♦♠♠❡s ❞❡ sér✐❡s r❡♠❛rq✉❛❜❧❡s✳

❙✐❣♥❛❧ f ♣ér✐♦❞✐q✉❡ ❞❡ ♣ér✐♦❞❡ 2π✱ ❞é✜♥✐ ♣❛r f(x) = ex s✉r [0, 2π[✳

◗✉❡st✐♦♥s ✶ ❡t ✷ ✕ ❈♦❡✣❝✐❡♥ts ❝♦♠♣❧❡①❡s ❞❡ ❋♦✉r✐❡r

cn =
1

2π

∫ 2π

0
ex · e−jnx dx =

1

2π

∫ 2π

0
e(1−jn)x dx =

1

2π

[

e(1−jn)x

1− jn

]2π

0

cn =
1

2π(1− jn)

[

e2π · e−j2πn
︸ ︷︷ ︸

=1

−1

]

❘❡♠❛rq✉❡ ✿ ❙✐♠♣❧✐✜❝❛t✐♦♥ ❝❧é

e−j2πn = cos(2πn)− j sin(2πn) = 1− 0 = 1 ❝❛r n ∈ Z ✭❡♥t✐❡r✮✳
❈❡tt❡ é❣❛❧✐té ❡st ❢♦♥❞❛♠❡♥t❛❧❡ ❡t r❡✈✐❡♥t très s♦✉✈❡♥t ❡♥ ❛♥❛❧②s❡ ❞❡ ❋♦✉r✐❡r✳

cn =
e2π − 1

2π(1− jn)
, |cn| =

e2π − 1

2π
√
1 + n2

◗✉❡st✐♦♥ ✸ ✕ ❈❛❧❝✉❧ ❞❡s s♦♠♠❡s

❙♦♠♠❡
+∞∑

n=1

1

1 + n2
✕ ♣❛r é❣❛❧✐té ❞❡ P❛rs❡✈❛❧ ✿

➱❣❛❧✐té ❞❡ P❛rs❡✈❛❧

1

2π

∫ 2π

0
|f(x)|2 dx =

+∞∑

n=−∞

|cn|2

▼❡♠❜r❡ ❣❛✉❝❤❡ ✿

1

2π

∫ 2π

0
e2x dx =

1

2π
· e

4π − 1

2
=

e4π − 1

4π

▼❡♠❜r❡ ❞r♦✐t ✿
+∞∑

n=−∞

(e2π − 1)2

4π2(1 + n2)
=

(e2π − 1)2

4π2

[

1 + 2

+∞∑

n=1

1

1 + n2

]

❊♥ ✉t✐❧✐s❛♥t e4π − 1 = (e2π − 1)(e2π + 1) ❡t ❡♥ é❣❛❧✐s❛♥t ❧❡s ❞❡✉① ♠❡♠❜r❡s ✿

+∞∑

n=1

1

1 + n2
=

π coth(π)− 1

2

❙♦♠♠❡
+∞∑

n=1

(−1)n

1 + n2
✕ é✈❛❧✉❛t✐♦♥ ❡♥ x = π ✿

✽ ❉r✳ ❙✳❑✳ ▼❊❍❉■
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❊♥ x = π ✭♣♦✐♥t ❞❡ ❝♦♥t✐♥✉✐té ❞❡ f✮✱ ❧❛ sér✐❡ ❝♦♥✈❡r❣❡ ✈❡rs f(π) = eπ✳ ❈♦♠♠❡ ejnπ = (−1)n ✿

eπ =
e2π − 1

2π
+

e2π − 1

π

+∞∑

n=1

(−1)n

1 + n2

+∞∑

n=1

(−1)n

1 + n2
=

π

2 sinhπ
− 1

2

✾ ❉r✳ ❙✳❑✳ ▼❊❍❉■
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✶✳✹ ❊①❡r❝✐❝❡ ✹ ✕ Pr♦♣r✐été ❞❡ ✜❧tr❛❣❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❉✐r❛❝

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

▲❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❉✐r❛❝ ♠♦❞é❧✐s❡ ❧✬✐♠♣✉❧s✐♦♥ ✐❞é❛❧❡ ❞✬✉♥ ♣❤♦t♦♥ ❣❛♠♠❛ ❢r❛♣♣❛♥t ✉♥ ❞ét❡❝t❡✉r
✿ ✉♥ ❞é♣ôt ❞✬é♥❡r❣✐❡ ✐♥st❛♥t❛♥é✳ ❈❡s ✐♥té❣r❛❧❡s s♦♥t ❢♦♥❞❛♠❡♥t❛❧❡s ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ré♣♦♥s❡
❞✬✉♥ s②stè♠❡ à ✉♥❡ ❡①❝✐t❛t✐♦♥ ✐♠♣✉❧s✐♦♥♥❡❧❧❡ ❡♥ s♣❡❝tr♦♠étr✐❡✳

Pr♦♣r✐été ❞❡ ✜❧tr❛❣❡ ❞❡ ❉✐r❛❝
∫ +∞

−∞
ϕ(t) δ(t− t0) dt = ϕ(t0)

▼ét❤♦❞❡ ✿ r❡♠♣❧❛❝❡r t ♣❛r t0 ❞❛♥s ❧❛ ❢♦♥❝t✐♦♥ ϕ(t) q✉✐ ❛❝❝♦♠♣❛❣♥❡ δ✳

N◦ ■♥té❣r❛❧❡ ➱✈❛❧✉❛t✐♦♥ ❘és✉❧t❛t

1◦
∫

δ(t− 4) Γ(t− 2) dt Γ(4− 2) = Γ(2) = 1 1

2◦
∫

ej2πf0t δ(t− t0) dt é✈❛❧✉❛t✐♦♥ ❡♥ t = t0 ej2πf0t0

3◦
∫

cos(s) δ
(

s− π

2

)

ds cos(π/2) = 0 0

4◦
∫

δ(k − 5) cos
(

2πk +
π

4

)

dk cos(10π + π/4) = cos(π/4)

√
2

2

5◦
∫

δ(t− 3)Π(t− 2) dt Π(3− 2) = Π(1) = 0 0

6◦
∫

δ(t) sinc(t) dt sinc(0) = 1 1

❘❡♠❛rq✉❡ ✿ ❉ét❛✐❧ ❞✉ ❝❛s 5◦ ✕ P♦✉rq✉♦✐ Π(1) = 0 ❄

▲❛ ♣♦rt❡ Π(t) ❡st ❞é✜♥✐❡ ♣❛r Π(t) = 1 s✐ |t| ≤ 1/2✱ ❡t 0 s✐♥♦♥✳
❖♥ é✈❛❧✉❡ Π(t− 2) ❡♥ t = 3 ✿ Π(3− 2) = Π(1)✳ ❈♦♠♠❡ |1| = 1 > 1/2✱ ❧❛ ♣♦rt❡ ✈❛✉t 0✳

❘❡♠❛rq✉❡ ✿ ❉ét❛✐❧ ❞✉ ❝❛s 6◦ ✕ P♦✉rq✉♦✐ sinc(0) = 1 ❄

sinc(t) =
sin(πt)

πt
♣♦✉r t 6= 0✱ ❡t sinc(0) = 1 ♣❛r ❞é✜♥✐t✐♦♥ ✭❧✐♠✐t❡✮✳

❱ér✐✜❝❛t✐♦♥ ✿ lim
t→0

sin(πt)

πt
= 1 ✭❞é✈❡❧♦♣♣❡♠❡♥t sinu ≈ u ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ 0✮✳

✶✵ ❉r✳ ❙✳❑✳ ▼❊❍❉■



❯❙❚❍❇ ✕ ❋❛❝✉❧t❡ ❞❡ P❤②s✐q✉❡ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧ ✕ ▼❛st❡r P❘✲▼✶

✶✳✺ ❊①❡r❝✐❝❡ ✺ ✕ ❘❡♣rés❡♥t❛t✐♦♥ tr✐❛♥❣✉❧❛✐r❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❞❡ ❉✐r❛❝

xτ (t) =
1

τ

(

1− |t|
τ

)

1|t|<τ ✭tr✐❛♥❣❧❡ ❞❡ ❜❛s❡ 2τ ✱ ❤❛✉t❡✉r 1/τ✮

❈r✐tèr❡s ♣♦✉r ✉♥❡ s✉✐t❡ ❛♣♣r♦①✐♠❛♥t❡ ❞❡ δ(t)

▲❛ s✉✐t❡ (xτ ) r❡♣rés❡♥t❡ δ(t) s✐ ✿
✶✳

∫
xτ (t) dt = 1 ✭✐♥té❣r❛❧❡ ✉♥✐té✱ ♣♦✉r t♦✉t τ > 0✮

✷✳ limτ→0 xτ (t) = 0 ♣♦✉r t♦✉t t 6= 0

✸✳
∫
xτ (t)ϕ(t) dt

τ→0−−−→ ϕ(0) ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ ❝♦♥t✐♥✉❡ ❡♥ 0

Pr♦♣r✐été ✶ ✕ ■♥té❣r❛❧❡ ✉♥✐té ✿

∫ +∞

−∞
xτ (t) dt =

2

τ

∫ τ

0

(

1− t

τ

)

dt =
2

τ

[

t− t2

2τ

]τ

0

=
2

τ

(

τ − τ

2

)

=
2

τ
· τ
2
= 1 X

Pr♦♣r✐été ✷ ✕ ❈♦♥❝❡♥tr❛t✐♦♥ ✿ P♦✉r t♦✉t t 6= 0 ✜①é✱ ❝❤♦✐s✐r τ < |t| ✿ ❛❧♦rs t ❡st ❤♦rs ❞✉ s✉♣♣♦rt
[−τ, τ ] ❞❡ xτ ✱ ❞♦♥❝ xτ (t) = 0✳ P❛r ❛✐❧❧❡✉rs xτ (0) = 1/τ → +∞ q✉❛♥❞ τ → 0✳

Pr♦♣r✐été ✸ ✕ ❋✐❧tr❛❣❡ ✿ P♦✉r ϕ ❝♦♥t✐♥✉❡ ❡♥ 0 ❡t τ très ♣❡t✐t✱ ϕ(t) ≈ ϕ(0) s✉r [−τ, τ ] ✿

∫ τ

−τ

1

τ

(

1− |t|
τ

)

ϕ(t) dt ≈ ϕ(0) ·
∫ τ

−τ

1

τ

(

1− |t|
τ

)

dt

︸ ︷︷ ︸

=1

= ϕ(0) X

xτ (t) ❡st ✉♥❡ s✉✐t❡ ❛♣♣r♦①✐♠❛♥t❡ tr✐❛♥❣✉❧❛✐r❡ ❞❡ δ(t)✳ X

✶✶ ❉r✳ ❙✳❑✳ ▼❊❍❉■



❯❙❚❍❇ ✕ ❋❛❝✉❧t❡ ❞❡ P❤②s✐q✉❡ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧ ✕ ▼❛st❡r P❘✲▼✶

✶✳✻ ❊①❡r❝✐❝❡ ✻ ✕ ■♠♣✉❧s✐♦♥ ◆❛■✭❚❧✮ ✿ ➱♥❡r❣✐❡✱ ❆✉t♦❝♦rré❧❛t✐♦♥✱ ❈♦ï♥❝✐❞❡♥❝❡s

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

x(t) = Ae−t/τ1(1− e−t/τ2) Γ(t) ❛✈❡❝ τ1 = 250 ♥s✱ τ2 = 50 ♥s✱ A = 1♠❆✳
τ1 ✿ ❞é❝r♦✐ss❛♥❝❡ ❞❡ s❝✐♥t✐❧❧❛t✐♦♥✳ τ2 ✿ ❝♦♥st❛♥t❡ ❘❈ ❞✉ ♣❤♦t♦♠✉❧t✐♣❧✐❝❛t❡✉r✳

◗✉❡st✐♦♥ ✶ ✕ ➱♥❡r❣✐❡ t♦t❛❧❡

❖♥ ♣♦s❡ α = 1/τ1 ❡t β = 1/τ1 + 1/τ2✱ ❞✬♦ù x(t) = A(e−αt − e−βt)Γ(t)✳

Ex = A2

∫ +∞

0

(

e−αt − e−βt
)2

dt = A2

∫ +∞

0

(

e−2αt − 2e−(α+β)t + e−2βt
)

dt

❊♥ ✉t✐❧✐s❛♥t
∫ +∞
0 e−λt dt =

1

λ
♣♦✉r λ > 0 ✿

Ex = A2

[
1

2α
− 2

α+ β
+

1

2β

]

Ex = A2

[
1

2α
− 2

α+ β
+

1

2β

]

≈ 7,44× 10−14 ❏ ✭é♥❡r❣✐❡ ✜♥✐❡✮ X

◗✉❡st✐♦♥ ✷ ✕ ❆✉t♦❝♦rré❧❛t✐♦♥ Rxx(τ)

P♦✉r τ ≥ 0 ✭❡t Rxx(−τ) = Rxx(τ) ♣❛r s②♠étr✐❡ ❞✉ s✐❣♥❛❧ ré❡❧✮ ✿

Rxx(τ) = A2

[
e−ατ

2α
− e−βτ + e−ατ

α+ β
+

e−βτ

2β

]

❘❡♠❛rq✉❡ ✿ ❱ér✐✜❝❛t✐♦♥ à τ = 0

Rxx(0) = A2
[

1
2α − 2

α+β + 1
2β

]

= Ex ≈ 7,44× 10−14 ❏✳ X

▲❛ ♣r♦♣r✐été ❢♦♥❞❛♠❡♥t❛❧❡ Rxx(0) = Ex ❡st ❜✐❡♥ ✈ér✐✜é❡✳

◗✉❡st✐♦♥ ✸ ✕ ❈♦rré❧❛t✐♦♥ ❝r♦✐sé❡ ❛✈❡❝ y(t) = x(t− t0)

Pr♦♣r✐été ❣é♥ér❛❧❡ ✿ s✐ y(t) = x(t− t0)✱ ❛❧♦rs Rxy(τ) = Rxx(τ − t0)✳

▼❛①✐♠✉♠ ❞❡ Rxy ❛tt❡✐♥t ❡♥ τ = t0 = 100 ♥s✳

▲❡ ❞é❝❛❧❛❣❡ ✐♥❞✐q✉❡ ❧❡ r❡t❛r❞ t❡♠♣♦r❡❧ ❡♥tr❡ ❧❡s ❞❡✉① é✈é♥❡♠❡♥ts ❞ét❡❝tés ✿ ❝✬❡st ❧❡ ♣r✐♥❝✐♣❡
❞❡ ❧❛ ❝♦ï♥❝✐❞❡♥❝❡ t❡♠♣♦r❡❧❧❡ ❡♥ ❚❊P ✭t♦♠♦❣r❛♣❤✐❡ ♣❛r é♠✐ss✐♦♥ ❞❡ ♣♦s✐t♦♥s✮✳ X

✶✷ ❉r✳ ❙✳❑✳ ▼❊❍❉■



❯❙❚❍❇ ✕ ❋❛❝✉❧t❡ ❞❡ P❤②s✐q✉❡ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧ ✕ ▼❛st❡r P❘✲▼✶

✶✳✼ ❊①❡r❝✐❝❡ ✼ ✕ ❙♣❡❝tr❡ ❣❛♠♠❛ 60❈♦ ✿ ◆❛■✭❚❧✮

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

▲❡ 60❈♦ ❡st ✉♥❡ s♦✉r❝❡ ❞✬ét❛❧♦♥♥❛❣❡ st❛♥❞❛r❞ ✿ r❛✐❡s à ✶✶✼✸ ❦❡❱ ❡t ✶✸✸✷ ❦❡❱✳
σ = 30 ❦❡❱ ✿ rés♦❧✉t✐♦♥ ❡♥ é♥❡r❣✐❡ ❞✉ ◆❛■✭❚❧✮ ✭≈✺✪ à ✶✸✸✷ ❦❡❱✮✳

f(t) = A1 exp

[

−(t− µ1)
2

2σ2

]

+A2 exp

[

−(t− µ2)
2

2σ2

]

, A1 = 1, A2 = 0,85

◗✉❡st✐♦♥ ✶ ✕ ➱♥❡r❣✐❡ t♦t❛❧❡

▲❡s ❞❡✉① ❣❛✉ss✐❡♥♥❡s s♦♥t très é❧♦✐❣♥é❡s ✭|µ1 − µ2| = 159 ❦❡❱ ≫ σ = 30 ❦❡❱✮✱ ❞♦♥❝ f1 · f2 ≈ 0✳

■♥té❣r❛❧❡ ❣❛✉ss✐❡♥♥❡ ❢♦♥❞❛♠❡♥t❛❧❡
∫ +∞

−∞
A2 e−(t−µ)2/σ2

dt = A2σ
√
π

❙✬♦❜t✐❡♥t ♣❛r ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ u = (t− µ)/σ ❡t ❧✬✐♥té❣r❛❧❡ ❞❡ ●❛✉ss
∫
e−u2

du =
√
π✳

Ef ≈ A2
1σ

√
π +A2

2σ
√
π = σ

√
π(1 + 0,7225) = 30

√
π · 1,7225 ≈ 91,6 ❦❡❱

Ef ≈ 91,6 ❦❡❱ ✕ s✐❣♥❛❧ à é♥❡r❣✐❡ ✜♥✐❡✳ X

◗✉❡st✐♦♥ ✸ ✕ ❆✉t♦❝♦rré❧❛t✐♦♥ ❡t ✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♣✐❝s

P♦s✐t✐♦♥ τ ❍❛✉t❡✉r ■♥t❡r♣rét❛t✐♦♥

τ = 0 (A2
1 +A2

2)σ
√
π ❙♦♠♠❡ ❞❡s ❛✉t♦❝♦rré❧❛t✐♦♥s

τ = +159 ❦❡❱ A1A2 σ
√
π ❈♦rré❧❛t✐♦♥ f1 ✈s f2

τ = −159 ❦❡❱ A1A2 σ
√
π ❈♦rré❧❛t✐♦♥ f2 ✈s f1

❘❡♠❛rq✉❡ ✿ ■♥térêt ❞❡s ♣✐❝s ❧❛tér❛✉①

▲❛ ♣♦s✐t✐♦♥ ❞❡s ♣✐❝s ❧❛tér❛✉① ✭τ = ±159 ❦❡❱✮ ❞♦♥♥❡ ❞✐r❡❝t❡♠❡♥t ❧✬é❝❛rt ❡♥ é♥❡r❣✐❡ ❡♥tr❡ ❧❡s
❞❡✉① r❛✐❡s✳ ▼ét❤♦❞❡ r♦❜✉st❡ ♣♦✉r ✐❞❡♥t✐✜❡r ❞❡s r❛✐❡s ❞❛♥s ✉♥ s♣❡❝tr❡ ❜r✉✐té✳

✶✸ ❉r✳ ❙✳❑✳ ▼❊❍❉■
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✷ ❙➱❘■❊ ✷ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❋réq✉❡♥t✐❡❧❧❡✱ ❚❋✱ ❙▲■✱ ❋✐❧tr❡s ❆♥❛❧♦❣✐q✉❡s

✷✳✶ ❊①❡r❝✐❝❡ ✶ ✕ ❙✐❣♥❛❧ ♣♦rt❡ ✿ ❚❋✱ ➱♥❡r❣✐❡✱ ❆✉t♦❝♦rré❧❛t✐♦♥

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

▲❛ ♣♦rt❡ r❡❝t❛♥❣✉❧❛✐r❡ ♠♦❞é❧✐s❡ ❧❡ ❢❡♥êtr❛❣❡ t❡♠♣♦r❡❧ ❞✬✉♥❡ ♠❡s✉r❡ ✭❞✉ré❡ T ✜♥✐❡✮✳ ❊♥ t♦♠♦✲
❣r❛♣❤✐❡ r❛②♦♥s ❳✱ ❝✬❡st ❧❡ t❡♠♣s ❞✬❛❝q✉✐s✐t✐♦♥ ❞✬✉♥❡ ♣r♦❥❡❝t✐♦♥✳ ▲✬❛♥❛❧②s❡ ❞❡ s❛ ❚❋ ❡①♣❧✐q✉❡
♣♦✉rq✉♦✐ ✉♥❡ ❛❝q✉✐s✐t✐♦♥ ❝♦✉rt❡ ❞é❣r❛❞❡ ❧❛ rés♦❧✉t✐♦♥ s♣❡❝tr❛❧❡✳

◗✉❡st✐♦♥ ✶ ✕ ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r

X(f) =

∫ T/2

−T/2
Ae−j2πft dt = A

[
e−j2πft

−j2πf

]T/2

−T/2

= A · e
jπfT − e−jπfT

j2πf
= A · 2 sin(πfT )

2πf

X(f) = AT sinc(fT ) = AT · sin(πfT )
πfT

❘❡♠❛rq✉❡ ✿ ❋♦r♠✉❧❡ ❞✬❊✉❧❡r ✉t✐❧✐sé❡

sin θ =
ejθ − e−jθ

2j
✱ ❞♦♥❝

ejθ − e−jθ

j
= 2 sin θ✳ ❖♥ ❢❛❝t♦r✐s❡ ❡♥s✉✐t❡ ♣❛r T ✳

◗✉❡st✐♦♥ ✸ ✕ ❉❡♥s✐té ❙♣❡❝tr❛❧❡ ❞✬➱♥❡r❣✐❡

Sxx(f) = |X(f)|2 = A2T 2 sinc2(fT )

◗✉❡st✐♦♥ ✹ ✕ ➱♥❡r❣✐❡ t♦t❛❧❡ ♣❛r P❛rs❡✈❛❧

Ex =

∫ +∞

−∞
A2T 2 sinc2(fT ) df = A2T 2 · 1

T
= A2T X

◗✉❡st✐♦♥ ✺ ✕ ❆✉t♦❝♦rré❧❛t✐♦♥ ✈✐❛ ❧❛ ❉❙❊

Rxx(τ) = F−1
{
|X(f)|2

}
= A2(T − |τ |) ♣♦✉r |τ | < T, Rxx(0) = A2T = Ex X

◗✉❡st✐♦♥ ✻ ✕ ❚❋ ❞❡ sinc(t) ♣❛r ❞✉❛❧✐té

F{sinc(t)} = Π(f) ✭♣♦rt❡ r❡❝t❛♥❣✉❧❛✐r❡ ❞❡ ❧❛r❣❡✉r ✶✮

▲❛ ❚❋ ❞✉ s✐♥✉s ❝❛r❞✐♥❛❧ ❡st ✉♥❡ ♣♦rt❡ r❡❝t❛♥❣✉❧❛✐r❡✳

✶✹ ❉r✳ ❙✳❑✳ ▼❊❍❉■



❯❙❚❍❇ ✕ ❋❛❝✉❧t❡ ❞❡ P❤②s✐q✉❡ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧ ✕ ▼❛st❡r P❘✲▼✶

✷✳✷ ❊①❡r❝✐❝❡ ✷ ✕ ❊①♣♦♥❡♥t✐❡❧❧❡ ❝♦♠♣❧❡①❡✱ ❈♦s✐♥✉s✱ ❋❡♥êtr❛❣❡✱ ●❛✉ss✐❡♥♥❡

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

❈❡t ❡①❡r❝✐❝❡ ✐❧❧✉str❡ ❧❡ ❝♦♠♣r♦♠✐s t❡♠♣s✲❢réq✉❡♥❝❡ ✿ ∆T ·∆f ≥ 1✳ ❊♥ s♣❡❝tr♦♠étr✐❡ ♥✉❝❧é❛✐r❡✱
♦♥ ♥❡ ♣❡✉t ♣❛s ❛✈♦✐r s✐♠✉❧t❛♥é♠❡♥t ✉♥❡ rés♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❡t ❢réq✉❡♥t✐❡❧❧❡ ♣❛r❢❛✐t❡s✳

◗✉❡st✐♦♥ ✶ ✕ F{ej2πf0t} = δ(f − f0)

◗✉❡st✐♦♥ ✷ ✕ F{cos(2πf0t)} =
1

2

[
δ(f − f0) + δ(f + f0)

]

◗✉❡st✐♦♥ ✸ ✕ ❖❜s❡r✈❛t✐♦♥ s✉r ❞✉ré❡ ✜♥✐❡ T0 ✿ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ΠT0
(t) ❡♥ t❡♠♣♦r❡❧ ≡ ❝♦♥✈♦❧✉t✐♦♥

♣❛r T0 sinc(fT0) ❡♥ ❢réq✉❡♥t✐❡❧ ✿

YT0
(f) =

T0

2

[
sinc

(
(f − f0)T0

)
+ sinc

(
(f + f0)T0

)]

❘❡♠❛rq✉❡ ✿ ❈♦♠♣r♦♠✐s t❡♠♣s✲❢réq✉❡♥❝❡

∆T · ∆f ≥ 1✳ P♦✉r rés♦✉❞r❡ ❞❡✉① r❛✐❡s sé♣❛ré❡s ❞❡ ∆f ✱ ✐❧ ❢❛✉t ♦❜s❡r✈❡r ♣❡♥❞❛♥t ❛✉ ♠♦✐♥s
Tmin = 1/∆f ✳
❆♥❛❧♦❣✐❡ q✉❛♥t✐q✉❡ ✿ ∆E ·∆t ≥ ~/2 ✭♣r✐♥❝✐♣❡ ❞✬✐♥❝❡rt✐t✉❞❡ ❞❡ ❍❡✐s❡♥❜❡r❣✮✳

◗✉❡st✐♦♥ ✻ ✕ ❚❋ ❞❡ ❧❛ ❣❛✉ss✐❡♥♥❡ ✿

F
{

e−πt2
}

= e−πf2

▲❛ ❣❛✉ss✐❡♥♥❡ ❡st ✐♥✈❛r✐❛♥t❡ ♣❛r ❚❋✳ P❛s ❞❡ ❧♦❜❡s s❡❝♦♥❞❛✐r❡s⇒ ❢❡♥êtr❡ ♦♣t✐♠❛❧❡ ✭♠✐♥✐♠✐s❡∆T ·∆f✮✳
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✷✳✸ ❊①❡r❝✐❝❡ ✻ ✕ ❋✐❧tr❡ ❛♥❛❧♦❣✐q✉❡ ✸❡ ♦r❞r❡ ✿ ❙✐♠♣❧✐✜❝❛t✐♦♥ ♣ô❧❡✲③ér♦

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

❈❡ ✜❧tr❡ ♠♦❞é❧✐s❡ ✉♥ ❝✐r❝✉✐t ❞❡ ♠✐s❡ ❡♥ ❢♦r♠❡ ✭s❤❛♣✐♥❣ ❝✐r❝✉✐t✮ ❡♥ é❧❡❝tr♦♥✐q✉❡ ♥✉❝❧é❛✐r❡✳ ▲❛
s✐♠♣❧✐✜❝❛t✐♦♥ ♣ô❧❡✲③ér♦ ré❞✉✐t ❧✬♦r❞r❡ ❡✛❡❝t✐❢ ❞✉ ✜❧tr❡✳

◗✉❡st✐♦♥ ✶ ✕ ❋♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt H(s)

H(s) =
s2 + 2s− 15

s3 + 8s2 + 17s+ 10
=

(s− 3)(s+ 5)

(s+ 1)(s+ 2)(s+ 5)
=

s− 3

(s+ 1)(s+ 2)

❆tt❡♥t✐♦♥ ✿ ❙✐♠♣❧✐✜❝❛t✐♦♥ ♣ô❧❡✲③ér♦

▲❛ s✐♠♣❧✐✜❝❛t✐♦♥ (s+5)/(s+5) = 1 s✉♣♣♦s❡ q✉❡ ❧❡ ♣ô❧❡ ❡t ❧❡ ③ér♦ s♦♥t ❡①❛❝t❡♠❡♥t ❛✉ ♠ê♠❡
❡♥❞r♦✐t✳
❊♥ ♣r❛t✐q✉❡ ✭t♦❧ér❛♥❝❡s ❞❡s ❝♦♠♣♦s❛♥ts✮✱ ❧❛ s✐♠♣❧✐✜❝❛t✐♦♥ ❡st ✐♠♣❛r❢❛✐t❡ ✿ ❧❡ ♠♦❞❡ e−5t r❡st❡
♣rés❡♥t ♠❛✐s ♥♦♥ ❡①❝✐t❛❜❧❡✳

◗✉❡st✐♦♥ ✸ ✕ ❘é♣♦♥s❡ ✐♠♣✉❧s✐♦♥♥❡❧❧❡ h(t)

❉é❝♦♠♣♦s✐t✐♦♥ ❡♥ é❧é♠❡♥ts s✐♠♣❧❡s ✿

H(s) =
A

s+ 1
+

B

s+ 2

A =
[
(s+ 1)H(s)

]

s=−1
=

−1− 3

−1 + 2
= −4, B =

[
(s+ 2)H(s)

]

s=−2
=

−2− 3

−2 + 1
= +5

h(t) =
(
−4e−t + 5e−2t

)
Γ(t)

Pô❧❡s ✿ p1 = −1✱ p2 = −2 ✭♣❛rt✐❡s ré❡❧❧❡s ♥é❣❛t✐✈❡s ⇒ ✜❧tr❡ st❛❜❧❡ ❡t ❝❛✉s❛❧✮✳ X

◗✉❡st✐♦♥ ✹ ✕ ❙♦rt✐❡ ♣♦✉r x(t) = 4e−4tΓ(t)

Y (s) = H(s) · 4

s+ 4
=

4(s− 3)

(s+ 1)(s+ 2)(s+ 4)

y(t) =

(

−16

3
e−t + 10 e−2t − 14

3
e−4t

)

Γ(t)
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✷✳✹ ❊①❡r❝✐❝❡ ✾ ✕ ❉ét❡❝t❡✉r ❍P●❡ ✿ ❘é♣♦♥s❡ ✐♠♣✉❧s✐♦♥♥❡❧❧❡ ❡t ❚❋

❆♣♣❧✐❝❛t✐♦♥ ♣❤②s✐q✉❡

❍P●❡ ✭❣❡r♠❛♥✐✉♠ ❤②♣❡r♣✉r❡✮ ✿ rés♦❧✉t✐♦♥ ≈✵✳✷✪ à ✶✸✸✷ ❦❡❱✳
h(t) = 1

τc
e−t/τcΓ(t)✱ τc = 2µs✳ ❊♥tré❡ ✿ x(t) = Q0δ(t)✱ Q0 = 1,6× 10−14❈✳

◗✉❡st✐♦♥ ✶ ✿

y(t) = Q0δ(t) ∗ h(t) =
Q0

τc
e−t/τcΓ(t)

◗✉❡st✐♦♥ ✷ ✿

H(f) =
1

1 + j2πfτc
✭✜❧tr❡ ♣❛ss❡✲❜❛s ❞✉ ✶❡r ♦r❞r❡✮, fc =

1

2πτc
≈ 79,6 ❦❍③

✶✼ ❉r✳ ❙✳❑✳ ▼❊❍❉■


